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ABSTRACT 


On the structure of 


general algebras and its applications 


Young Joo Seo 
Dept. of Mathematics 


Graduate School of 
Hanyang University 


In this thesis, we discuss some structural theory of a d- 
algebra which is a generalization of a BC’ K-algebra, and we 
discuss analytic real algebras. We investigate several condi- 
tions for analytic real algebras to be d-algebras. Moreover, we 
introduce the notion of a Smarandacheness to BC’ I-algebras, 
and obtain several properties on Smarandache fuzzy BC'I- 


algebras. 


1. Introduction 


The notions of BC K-algebras and BC I-algebras were introduced by Y. 
Imai and K. Iséki ([5, 6]). The class of BC K-algebras is a proper subclass of 
the class of BC I-algebras. We refer useful textbooks for BC’ K-algebras and 
BCI-algebras to ([4, 12, 17]). The notion of a d-algebra which is another useful 
generalization of BC K-algebras was introduced by J. Neggers, Y. B. Jun and 
H. S. Kim ([14]), and some relations between d-algebras and BC'K-algebras as 
well as several other relations between d-algebras and oriented digraphs were 
investigated. Several aspects on d-algebras were studied ([1, 3, 10, 11, 13, 14]). 
Simply, d-algebras can be obtained by deleting two identities as a generalization 
of BC K-algebras, but it gives more wide ranges of research areas in algebraic 
structures. Also, J. Neggers, Y. B. Jun and H. S. Kim ({14]) discussed the 
ideal theory in d-algebras, and introduced the notions of a d-subalgebra, a d- 
ideal, a d#-ideal and a d*-ideal, and investigated relations among them. Also, 
a Smarandache structure on a set A means a weak structure W on A such 
that there exists a proper subset B of A with a strong structure S which is 
embedded in A. In [16], R. Padilla showed that Smarandache semigroups are 
very important for the study of congruences. Y. B. Jun ([9]) introduced the 
notion of Smarandache BC I-algebras, Smarandache fresh and clean ideals of 
Smarandache BC I-algebras, and obtained many interesting results about them. 

In Chapter 2, we study basic facts and useful properties of BC K-algebras, 


BC I-algebras and d-algebras which are related to the topics. In Chapter 8, 


we discuss structural properties of quotient d-algebras. We obtain several iso- 
morphism theorems in quotient d-algebras, and we introduce the notion of an 
obstinate ideal in d-algebras, and obtain its equivalent conditions. In Chapter 
4, we introduce the notion of an analytic real algebra, and we obtain some 
conditions to be a d-algebra. Moreover, we generalize a binary operation on 
the set R of real numbers by using real-valued functions, and obtain some con- 
ditions to be an edge d-algebra. In Chapter 5, we introduce the notion of a 
Smarandache concept to BC I-algebras, and discuss Smarandache fuzzy ideals 
in Smarandache BC J-algebras. Moreover, we discuss Smarandache fuzzy clean 


ideals and Smarandache fuzzy fresh ideals in Smarandache BC I-algebras. 


2. Preliminaries 


In this chapter, we provide several definitions and theorems which are useful 


in the study of d-algebras and Smarandache (fuzzy) BC I-algebras. 


2.1. d-algebras 


Definition 2.1. ((15]) A d-algebra is a non-empty set X with a constant 0 and 
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a binary operation “«” satisfying the following axioms: 
(Dh seo =, 
(II) 0x2 =0, 
(TT) «*y=0 and y x ge "Winaply x = y 


for alla,y EX. 
For brevity we also call X a d-algebra. In X we can define a binary relation 


“<” by « <y if and only if rx y =0. 

Definition 2.2. ((3]) An algebra (X, *,0) is said to be a strong d-algebra if it 
satisfies (I), (II) and (III*) for all x,y € X, where 

(III*) ©* y= yx implies x = y. 


Obviously, every strong d-algebra is a d-algebra, but the converse need not 


be true in general (see [3]). 


Example 2.3. ([3]) Let R be the set of all real numbers and e € R. Define 


” 


xxy := (x—y)-(a—e)+e for all x,y € R where “-” and “—” are the ordinary 


product and subtraction of real numbers. Then it is easy to see that x * x = e 
andexxz=e. Ifaxy=yxx =e then (x—y)- (x—e) = 0, (y—2)- (y—e) = 0, 
and hence « = y ort =e=y, ie., r= y, ie., (R, *,e) is a d-algebra. 


However, (IR, *,e) is not a strong d-algebra. We can easily see that 
rey=y*xxres (x—y)-(ex—e)+e=(y—2z)-(y—e)+e 
<> (x—y)-(%—e) = —(x@—y)- (ye) 
= (x—y)-(t-—e+y-—e)=0 
= (x —y) (oF y=2e),= 0 
&nx=y or r+y=2e. 
If we take  := e +a and y := e — a for some a € R, then 7 + y = 2e. This 


shows that «*y = y*xa, but x 4 y. Hence the axiom (III*) does not hold. This 


shows that (R, *,e) is a d-algebra, but not a strong d-algebra. 


Definition 2.4. ([12]) A BC K-algebra is a d-algebra X satisfying the following 


additional axioms: 
(IV) ((v*y) * (e@* z)) * (z*y) =0, 
(V) (w* (axy)) xy =0 


for all x,y,z © X. 


Example 2.5. ([14]) Let X := {0,1,2,3,4} be a set with the following table: 


*/0O 1 2 3 4 
0/0 0 0 0 0 
1/1 0 1 0 1 
2/2 2 0 3 O 
3/3 3 2 0 3 
4/4 4 1 1 0 


Then (X,*,0) is a d-algebra which is not a BC’ K-algebra, since ((2 * 3) * (2 * 


Ale (443) = GeO) e120. 


Let X be a d-algebra and x € X. X is said to be edge if for any x € X, 
x* X = {x,0}. It is known that if X is an edge d-algebra, then x * 0 = x for 


any xz € X (see [14]). 


Definition 2.6. ({14]) An algebra (X, *,0) is called a BCI-algebra if it satisfies 


(I), (IID), (IV) and (V) for all z,y,z € X 


Every BC I-algebra X has the following properties: 
(ay) ee = x, 
(ag) «< yimpliesr*z<yxz,z*y<z*e 


for all x,y,z © X. 


2.2. d-ideals in d-algebras 


Definition 2.7. ({14]) Let (X,*,0) be a d-algebra and 0 AI C X. Tis calleda 
d-subalgebra of X if xxy € I whenever x € Tandy € I. I is called a BC K -ideal 


of X if it satisfies the following conditions: 
(Do) OE I, 
(D,) e«xyel,yelimply ze! forallz,yeXx. 
A non-empty subset I is called a d-ideal of X if it satisfies (D1) and 
(D2) cE€lTandye€ X imply x*xy ET forallz,ye xX. 
A d-ideal I of a d-algebra X is called a d#-ideal of X if for any x,y,z € I, 
(D3) «xyel,yxzel imply x*xzel. 
A d#-ideal I of a d-algebra X is called a d*-ideal of X if for any x,y,z € X, 


(D4) «xy € I and yxxu € X imply (x* z) * (y*z) € J and (z* 2x) *(z*y) ET. 


Example 2.8. ({14]) Let X := {0,a,b,c,d} be a d-algebra which is not a 


BCK-algebra with the following table: 


*|0 a 6b cd 
0;0 0 0 0 0 
ala 0a 0a 
b6}b 6b 0 c€ O 
c/ce c b 0 ¢€ 
d|}c caa 0 


Then J := {0,a} is a d-ideal of a d-algebra X. 


Example 2.9. ({14]) Let X := {0,a,b,c} be a d-algebra which is not a BCK- 


algebra with the following table: 


aa ooCs 
SS OO Ss 
oor ofa 


Then I := {0,a,b} is a BC K-ideal which is not a d-subalgebra of X, while 
J := {0,c} is a d-subalgebra of X which is not a BC’K-ideal of X. Moreover, 


K := {0,a} is a d*-ideal of X. 


Clearly, {0} is a d-subalgebra of every d-algebra X and every d-ideal of X 


is a d-subalgebra, but the converse need not be true. 


Example 2.10. ((14]) Let X := {0,a,b,c} be a d-algebra which is not a BCK- 


algebra with the following table: 


aur oOo o8s 
ge OC) So rsx 
oO Oo] gore 


Then J := {0,a} is a d-subalgebra of X, but not a d-ideal of X, since a*c = 
b¢€ I. 


Lemma 2.11. ([14]) If I is a d-ideal of a d-algebra X, then 0 € I. 


Note that every d-ideal of a d-algebra is a BC'K-ideal, but the converse 
need not be true. In Example 2.10, J := {0,a} is a BC'K-ideal of X, but not a 


d-ideal of X. 


Proposition 2.12. ({14]) Let I be a d-ideal of a d-algebra X, If x € I and 


yxx =O, theny € I. 


Theorem 2.13. ({14]) In a d*-algebra, every BC K-ideal is a d-ideal. 


Corollary 2.14. ({14]) In a d*-algebra, every BC K-ideal is a d-subalgebra. 


Theorem 2.15. ({11]) If (X,*,0) is a BCK-algebra, then every BC K-ideal of 


X is a d*-ideal of X. 


Let (X,*,0x) and (Y,e,0y) be d-algebras. A mapping f : X — Y is 
called a homomorphism if f(x * y) = f(x) e f(y) for all z,y € X. In [13], J. 
Neggers, A. Dvurecenskij and H. $. Kim used “d-morphism”, but we change 
it into “homomorphism” for convenience. Note that f(0x) = Oy. A d-algebra 
(X,*,0x) is said to be d-transitive (see [14]) if x* z= 0x and z*y = 0x imply 


x*xy =Ox. 


Proposition 2.16. ({14]) Let f : X — Y be a homomorphism from a d-algebra 


X into a d-transitive d-algebra Y. Then Ker f is a d*-ideal of X. 


Let (X,*,0) be a d-algebra and let I be a d*-ideal of X. Define a binary 


relation “~” on X by x ~ y if and only if x * y, yx x € I. We denote it by 


“g ~ y (mod I)” or simply “x ~ y”. 


We denote a congruence class containing x by [z];, i-e., [z]r:= {ye X|xr~y 
(mod I)}. We see that x ~ y if and only if [a]; = [y]r7. Denote the set of all 


equivalence classes of X by X/TI, i.e., X/I := {[x]r1|x € X}. 


Lemma 2.17. ([14]) Let I be a d*-ideal of a d-algebra (X,*,0). Then I = [0]r. 


Theorem 2.18. ({14]) Let (X,*,0) be a d-algebra and let I be a d*-ideal of X. 
If we define [x]; * |y]r := [xx y]r where x,y € X, then (X/TI, *,0) is a d-algebra, 


called the quotient d-algebra. 


Proposition 2.19. ({14]) Let I be a d*-ideal of a d-algebra (X,*,0). Then the 
mapping  : X — X/I defined by x(x) := [x]; is a homomorphism of X onto 


the quotient d-algebra X/I and the kernel of x is precisely the set I. 


Theorem 2.20. ({14]) If f : X — Y is a homomorphism from a d-algebra X 


onto a d-transitive d-algebra Y, then X/Kerf =Y. 


2.3. Smarandache BC /-algebras 


An algebra (X,*,0) is called a BCI-algebra if it satisfies the following 
conditions: 


(BCI-1) ((a * y) * (a * z)) * (z* y) =0, 
(BCI-2) (a « (xx y))* y =0, 
(BCI-3) «* xz =0, 
(BCI-4) «*y=0 and yxx =O imply r=y 
for all x,y,z © X. 
A non-empty subset J of a BCI-algebra X is called a BC I-ideal of X if it 


satisfies the following conditions: 
(i) OE 7, 
(ii) cxy el, y el imply z eI. 
for alla,yE X. 


Definition 2.21. ({8]) A BCI-algebra (X,*,0) is said to be a Smarandache 


BC I-algebra if it contains a proper subset Q of X such that 
(i) 0€ Q and |Q| > 2, 
(ii) (Q,*,0) is a BC K-algebra. 


By a Smarandache positive implicative (resp., commutative and implicative) 
BC I-algebra, we mean a BC I-algebra X which has a proper subset Q of X 


such that 
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(i) 0€ Q and |Q| > 2, 
(ii) Q is a positive implicative (resp., commutative and implicative) BC K- 


algebra under the same operation of X. 


Let (X,*,0) be a Smarandache BC J-algebra and H be a subset of X such 
that 0 € H and |H| > 2. Then Z is called a Smarandache subalgebra of X if 
(H,*,0) is a Smarandache BCI-algebra (see [14]). 

A non-empty subset J of X is called a Smarandache ideal of X related to 


Q if it satisfies the following conditions: 
(i) OE LF, 
(ii) ceQ,yel,xxyeTl imply vel, 


where @ is a BC K-algebra contained in X (see [9]). If J is a Smarandache 
ideal of X related to every BC’ K-algebra contained in X, we simply say that I 


is a Smarandache ideal of X. 


In what follows, let X and Q denote a Smarandache BCI-algebra and a 


BCK-algebra which is properly contained in X, respectively. 


Definition 2.22. ((9]) A non-empty subset J of X is called a Smarandache 


ideal of X related to Q (or briefly, a Q-Smarandache ideal) of X if it satisfies: 
(c1) OeT, 


(co) cEQ, yel,xxyel implycel. 
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If J is a Smarandache ideal of X related to every BC’ K-algebra contained 


in X, we simply say that I is a Smarandache ideal of X. 


Definition 2.23. ((9]) A non-empty subset J of X is called a Smarandache 
fresh ideal of X related to Q (or briefly, a Q-Smarandache fresh ideal of X) if 


it satisfies the conditions (c;) in Definition 2.22 and 


(c3) 2,y,2€Q, ((axy)*z)e€landy*zeT imply c*zel. 


Theorem 2.24. ((9]) Every Q-Smarandache fresh ideal which is contained in 
Q is a Q-Smarandache ideal. 


The converse of Theorem 2.24 need not be true in general. 


Theorem 2.25. ((9]) Let I and J be Q-Smarandache ideals of X and I Cc J. 


If I is a Q-Smarandache fresh ideal of X, then so is J. 


Definition 2.26. ([9]) A non-empty subset I of X is called a Smarandache 
clean ideal of X related to Q (or briefly, a Q-Smarandache clean ideal of X) if 


it satisfies the conditions (c;) in Definition 2.22 and 


(ca) tyYEQ,2ET1, (wx (y*a))*2€ J imply we I. 


Theorem 2.27. ([9]) Every Q-Smarandache clean ideal of X is aQ-Smarandache 


ideal. 


The converse of Theorem 2.27 need not be true in general. 


12 


Theorem 2.28. ([9]) Every Q-Smarandache clean ideal of X is aQ-Smarandache 


fresh ideal. 


Theorem 2.29. ([95]) Let I and J be Q-Smarandache ideals of X and I Cc J. 


If I is a Q-Smarandache clean ideal of X, then so is J. 


A fuzzy set pw in X is called a fuzzy subalgebra of a BC'I-algebra X if 


p(x xy) > min{u(x), w(y)} for all x,y € X(see [7]). 


A fuzzy set w in X is called a fuzzy ideal of X if 
(Fi) (0) = u(z), 
(F2) w(x) = min{yu(a* y), u(y)} 


for all x,y € X (see [7]). 


Let ys be a fuzzy set ina set X. Fort € [0,1], the set py := {x € X|p(x) > t} 


is called a level subset of pu. 
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3. Structural properties of quotient d-algebras 


3.1. Structures of quotient d-algebras 


Let (X,*,0) be a d-algebra and let I), Iz be d*-ideals of X with I, C In. 


Then X/I, := { [z]z,| x € X} is a quotient d-algebra. We define Ip/I; := { 


[a]? | x € Ig }. We claim that each element of [2/J; is an element of X/Ih, i-e., 


zy = [x]? for all « € X. In fact, 


[al = {aéel,z|a~z (mod l;)} 
={aeEl|axz, rxaEe lh} 
E{aeX |axz, rxae€ Ih} 


= [zen 


If 6 € [a]z,, then 8 ~ x (mod J,). It follows that 6*2,x7*6 Eh. Sincere 


and J; is a d*-ideal of X, we obtain 8 € I, by (D,). Since I; C Ig, we have 


6 € I. It follows from 6 ~ x (mod J;) that 6 € Lal Hence [z]7, C [a]? ; 


Therefore [x]7, = [x]7°. 


Ip 
1 


We give an exact analog of Theorem 2.20 without using the notion of a 


“d—transitivity”. Usually it is not get known that the kernel of an epimorphism 


of d-algebras forms a d*-ideal. 


Theorem 3.1. [fg : (X,*,0x) > (Y,e,0y) is an epimorphism of d-algebras 


and Ker(g) is a d*-ideal of X, then X/Ker(g) =Y. 
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Proof. Let I := Ker(g) be a d*-ideal of X. Define h: X/I > Y by h([az]z) := 
g(x) for any « € X. Suppose [az]; = [y]r. Then « ~ y (mod I), ie., x * y, 
yx «a € I. It follows that g(x) e g(y) = g(a * y) = Oy and g(y) e g(x) = 
g(y * x) = Oy. Since Y is a d-algebra, we obtain g(x) = g(y). Hence h is 
well-defined. For any y € Y, since g is an onto map, there exists x € X such 


that g(x) = y. Thus 


y = g(x) = A([a]z), 
which means that h: X/I > Y is an onto map. 


For any []7, [y]r € X/I with h([z]7) = h([y]r), we have 


g(x) = gly) = g(a@*y) =0y, g(y* x) = Oy 


= ac ey te Smnce ai yaa. 


Therefore h is an one-one map. Since 


h([2]r * (ylr) = h([e * yl) = g(@*y) = g(x) e g(y) = A(la]r) * A(lylz), 


we obtain X/Ker(g) = Y. 


Theorem 3.2. Let (X,*,0x) be a d-algebra and let I), 12 be d*-ideals of X 


with I, C Ig. Then Ig/I, is a d*-ideal of the quotient d-algebra (X/I,,*,I)). 


Proof. Suppose [z]7, * [y]n, € Je/h, [yl € o/h. Then [x * y]n, [y]n, € Le/h. 


Since x xy, y € Ig and Ig is a d*-ideal of X, we obtain x € Ig. Hence 


15 


[x] 1, = Ip/Ty. iershentes (D,) 
Also, suppose that [z]7, € Io/h, [yl], € X/h where y € X. Then z € Ih. 
Since I is a d*-ideal of X, we have x * y € Ig. It follows that 
It7ln*lyln =[eeyln €Le/T tts (D2) 


If [z]n * ln € o/h and [y)y * [z]n € L2/h, then [x * yn, [y* 2], € L/h. 
Since x * y, y* z € Ig and Ig is a d*-ideal of X, we have x « z € Ig. It follows 


that 
[ely «(zl =[e*2], Clef. tts (Ds) 


Let [z] 1, * ie [yl * [x] 1, € bh/h. Then [x * hee ly * wl 7 € Ip/Th. Since 
xx*xy, y*« € Ig and Ip is a d*-ideal of X, we obtain (x * z) * (y* z) € Iz and 


(z* x) *(z*y) € Io for all z € X. It follows that 


[a * 2], *ly*2ln = [(e* 2) * (y*2)|n € L/h, 


[z« alr, + BPO = [eer Cer Tet to) 1. | (Da) 


Therefore I2/I, is a d*-ideal of (X/Ih,*, 11). 


Corollary 3.3. Let (X,*,0x) be a d-algebra and I;, Iz be d*-ideals of X. Then 
(X/I,) / U2/t) is a d-algebra . 


Proof. It follows from Theorem 3.1 and Theorem 2.18 that (X/l) / (I2/h) is 


also a d-algebra. 
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In fact, any element of the quotient d-algebra (X/I;,)/(I2/I,) can be denoted 


by [[z]n]i,;r, where x € X. It is easy to see that 


[laden = tleln € X/h | laln ~ [e]n} 
= {la], € X/h, | a~ x (mod ,)} 


= {la], €X/h |axaz, rxae hy}. 
Hence we conclude that 


(X/N)/Ue/h) = {{lalz, € X/hlaxz, cxaeh}|xre XxX} 


= {[[2]n lias | LE Xx}. 


Theorem 3.4. Let (X,*,0x) be a d-algebra and Iy, Iz be d*-ideals of X with 


qi Cc Ig. Then (X/I1)/U2/h) = X/Tp. 


Proof. Define g: X/Ih > X/I2 by g([z]z,) := [a]. Then g is well-defined. 
Indeed, for any [z]7,,[y], € X/h with [x]7, = [y]z,, we have rx y, yer el. 


Since I, C In, we obtain x *y, yx x € Ig. It follows that x ~ y (mod J2), which 


shows that g({z]z,) = [z]~m = [yln = g(lylz,). Hence g is well-defined. 


Obviously, g is an epimorphism. Also, 


Ker(g) = {[z]z, € X/hi | 9([z]z,) = [Ox],} 
= {[z]1, € X/T, | [z]~n = [Ox] } 


= {[z]1, € X/l, | x ~ 0x (mod I2)} 


= {aly E X/ zx*O0x, Ox «a € Ip}. 
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Since Ig is a d*-ideal of X, we have x € I» if and only if x * Ox, Ox * x € Ig. 
This proves that Ker(g)= {[z]z,, € X/h | x € Ib} = In/hh. 


By applying Theorem 3.1, we obtain 


(X/L1)/(Ie/lh) = (X/h)/Ker(g) © X/b. 


Let (X, *,0x) be a d-algebra. Define a relation “<<” on X by x < y if and 
only if x * y = Ox, where z,y € X. Note that every BCK(BCI)-algebra has 
a partially ordered set (simply, poset), but d-algebras need not have a poset 


structure in general. Consider the following example. 


Example 3.5. Let X := {0,1,2,3} be a set with the following table: 


wWwnNmr ol] * 
oy Se 
WwWwnocaor 
woooToc°wrv 
OOF O|W 


Then (X,*,0) isa d-algebra. Since 1*2 =2*3 = 0 and 1*3=1 #0, we have 


that 1 < 2,2 <3, but 1 ¢ 3. This shows that (X,*,0) has no poset structure. 


Note that if f : (X, *, 0x) — (Y, e, Oy) is a homomorphism of d-algebras, 


then f(0x) = Oy. And if x < y in X, then f(x) < f(y) in Y. 


Theorem 3.6. Let (X,*,0x) and (Y,¢,0y) be d-algebras and let f : X > Y 


be a homomorphism. If B is a d*-ideal of Y, then f—'(B) is a d*-ideal of X. 
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Proof. Let B be a d*-ideal of Y. Since f(0x) = Oy, we obtain 0x € f~!(B). 
Ifaxy, y € f +(B), then f(x) e f(y)=f(a«* y) € B and f(y) € B. Since B is 
a d*-ideal of X, we obtain f(z) € B, i-e., 

LE meee epenereriac (D1) 


Ifa € f-'(B), then f(a) € B. Since B is a d*-ideal of Y, we have f(x * y) = 


f(x) f(y) € B for any y € X. Hence 
cey € f-l(B). keke (D2) 
Ifexy, yxze f-'(B), then f(x*y), f(y*z) € B and hence f(x) « f(y), 
f(y)e f(z) € B. Since B is a d*-ideal of Y, we obtain f(a*z) = f(x)e f(z) € B, 
"IRN * (D3) 
Ifaxy, yea € f-'(B), then f(x)e f(y) = fey), fy)e f(x) = fy)* f(x) € B. 
Since B is a d*-ideal of Y, we have f((a * z) * (y* z)) = f(a*z)e f(y*z) = 
(f(x) e f(z)) © (fly) f(z)) € Band f((z* a) *(z*y)) = flz*ax)e flz*y) = 
(F(2) © F(x)) © (fa € B for all z € X. 
Hence f((x * z) * (y* z)), f(z * x) * (z x y)) € B. It follows that 


(x z)*(y*z), (2a) *(ZEYVE fT(B)e eee (D4) 


Thus f~1(B) is a d*-ideal of X. 


Corollary 3.7. Let (X,*,0x) and (Y,e,0y) be d-algebras and let f : X > Y 


be a homomorphism. If B is a d*-ideal of Y, then X/f—'(B) is a d-algebra. 
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Proof. If follows immediately from Theorem 2.18 and Theorem 3.6. 


Theorem 3.8. Let g : (X,*,0x) > (Z,©,0z) be a homomorphism of d- 
algebras and let h : (X,*,0x) > (Y,e,0y) be an epimorphism of d-algebras 
such that Ker(h) C Ker(g). Then there exists a unique homomorphism 


f : (Y,e,0y) > (Z,0,0z) such that g = foh, ie., 


x fe Y 
g 

f 
Z 


the diagram commutes. 


Proof. Given y in Y, since h is onto, there exists an x in X such that y = h(x). 
Define f : Y > Z by f(h(x)):= g(x). We show that f is well-defined and 
the diagram commutes. If h(a1) = h(a2) = y for some 21, 2 € X, then 
h(a) e h(x2) = yey = Oy. Since A is an epimorphism, we have h(x, * x2) 
= h(a) e h(x) = Oy, ie., v1 * 22 € Ker(h) C Ker(g). It follows that 0z = 
g(#1 * £2) = g(21) © g(#2). Similarly, g(x2) © g(x1) = Oz. Since (Z,©,0z) isa 
d-algebra, we obtain g(x1) = g(x2). This shows that f(h(21)) = g(x1) = g(x2) 
= f(h(x2)). Hence f : Y — Z is well-defined and the diagram commutes. 

We claim that f is a homomorphism. If yi, ye € Y, since A is an epimor- 
phism, there exist 21, 22 € X such that g; = h(x1), go = h(ax2). It follows 


that 


f(yi © yo) = f(h(x1) ¢ h(x2)) 
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= | (Ale * a) 

= gr +20) 

= g(1) * g(x2) 

= f(h(x1)) © f(h(@2)) 
= f(y) © f(ye). 


Hence f : Y > Z is a homomorphism. We show the uniqueness of such a map 
ie 

Let f : Y > Z be a homomorphism such that f oh=g. For any y € Y, there 
exists x € X such that h(x) = y, since h is an epimorphism. It follows that 
Fly) = F(h(z)) = (fh) (2) = 9(2) = (oh) (2) = F(h(z)) = fy), ie, f =f, 


proving the uniqueness. 


Theorem 3.9. Let (X,*,0x) be a d-algebra, and let f : (X,*,0x) > (Y,e, 0y) 


be an epimorphism. If J is a d*-ideals of Y, then X/f-!(J) =Y/J, i.e., 


Y md > Ye 
A 
: p=nof ~ 
xX a X/Ker() 
|| 
X/f-*(J) 
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Proof. Let J be a d*-ideal of Y and 7; : Y + Y/J be a canonical homomor- 
phism of d-algebras. If we define u := m7 0 f, the composition of 7; and f, 
then yp: X — Y/J is an epimorphism of d-algebras. If Ker(j) is a d*-ideal of 
X, then X/Ker() is isomorphic with Y/J by Theorem 3.1. 

In order to show that Ker(y) is a d*-ideal of X, we will show that Ker(p) = 
f-'(J). By Theorem 3.6, if J is a d*-ideal of Y, then f~!(J) is a d*-ideal of X. 


For all x € X, we have 


u(x) = (wo f)(x) = m(f(a)) = [F@)|s. (3.1) 


We claim that f—!(J) C Ker(y). In fact, if « € f-!(J), then f(x) € J. We 
need to prove that 

[f(x)]z = J. (3.2) 
Ifa € [f(x)]z, then a~ f(x). It follows that ae f(x), f(z) eae J. Since 
f(x) € J and J is a d*-ideal of Y, we obtain a € J, ie., [f(x)|z C J. 
Conversely, if 6 € J, since f(x) € J and J is a d*-ideal of Y, we obtain f(x) e{, 
Be f(x) € J, and hence 6 € [f(x)]7, ie., J C [f(x)]z. So (3.2) holds. 


By applying (3.1) and (3.2), we obtain 


wa) = (wo f)(a) = a(F(@)) = [F@)a = J. (3.3) 


Since J is a zero in Y/J, we have x € Ker() for any x € f~!(J). This shows 


that f-1(J) C Ker(). 


Conversely, if ¢ € Ker(u), then u(x) = J in Y/J. By (3.1), we have 
J = p(x) = [f(x)]7. It follows that f(x) € J and x € f-!(J). Thus Ker() C 
f-l(J). Hence we obtain Ker(y) = f~'(J). 
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By Theorem 3.6, we know that f~!(J) = Ker() is a d*-ideal of X. By Theorem 


3.1, we conclude 


X/fU(J) = X/Ker(p) 2 Y/J. 
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3.2 Obstinate d-ideals of d-algebras 


Definition 3.10. Let (X,*,0) be a d-algebra and J be a proper d-ideal of X. 


I is said to be obstinate of X ifa,y¢IandxA#y imply cxy,y*xxel. 


Example 3.11. Let X := {0,1,2,3} be a d-algebra with the following table: 


ww co O}rF 
Noo oO;wl 
OWrF O]W 


Then J:= {0,1} satisfies the conditions (Dj) and (D2), but not (D4) in Defi- 
nition 2.7, since 0*1=0,1*0=1€ J, (8*0)*(8*1)=3%«2=2¢h. 
Hence [= {0,1} is a d-ideal of X, but not a d*-ideal of X. Also, since 3,2 ¢ J, 


3*2=2,2*3=3¢/, we see that J is not an obstinate d-ideal of X. 


Example 3.12. Let X := {0,1,2,3} be a d-algebra with the following table: 


wn oor 
— =] ewe) 
GOOF O;W 


Then it is easy to see that J := {0,1} is a dideal of X. Since 2,3 ¢ I and 


2*3=0,3*2=1,ie, 2*3,3%*2¢/T/, I is an obstinate d-ideal of X. 


Recall that a d-algebra (X, *,0x) is said to be d-transitive if x * z = 0x and 


z*xy = Ox imply «*y = Ox. 


24 


Let J := {0,1} be a set with the following table: 


1 
0 
0 


re CO] @ 
re O]|O 


Then it is easy to see that (J,e,0) is a d-transitive d-algebra. 


Proposition 3.13. Let (X,*,0x) be a d-algebra and f : (X,*,0x) > (J,¢,0) 


be a homomorphism. Then Ker(f) is an obstinate d*-ideal of X. 


Proof. By applying Proposition 2.16, we see that Ker(f) is a d*-ideal of X. If 


x,y ¢ Ker(f), x #y, then f(a*y) = flw)e f(y) =1lel=0. 


Also, f(y* x) = f(y) e f(z) =1le1l=0. Thus zxy, yx x € Ker(f). Hence 


Ker(f) is an obstinate d*-ideal of X. 


Theorem 3.14. Let (X,*,0x) be a d-algebra and let I be a proper d-ideal of 
X. Then, given an edge d-algebra (Y,e,0y), there exists a homomorphism f : 


X —+ Y such that Ker(f) =I if and only if I is an obstinate ideal of X. 


Proof. Let I be an obstinate ideal of X. We define a map f : X > Y by 


— Oy (a € I) 
rey}? (2 € X \ I) 


where a is a fixed element of Y with a 4 Oy. We show that f is a homomorphism 
from X to Y. We consider 4 cases : 


Case 1. If x, y € I, then x x y € I by (De) in Definition 2.7. It follows that 


f(x*y) = Oy = Oy e Oy = f(x) e f(y). 
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Case 2. If xz, y I, x # y, since I is obstinate, we obtain x «y € I. It follows 


that 


f(a*y) =0y =aea= f(x)e f(y). 
Case 3. Ifa ¢ Jandy € J, then x*y ¢ I. In fact, if we assume x * y € J, since 
y € I and (Dj) in Definition 2.7, we obtain x € J, a contradiction. Since Y is 


an edge d-algebra, we obtain 
f(a*y) =a=aely = f(x) e fly). 


Case 4. If e € J and y ¢ I, then x x y € I by (D2) in Definition 2.7. It follows 
that 
f(a*y) = Oy= Oy ea = f(z) e f(y). 
This shows that f : X + Y isa homomorphism. Clearly, we have Ker(f) = I. 
Conversely, let Y := {Oy,a} be a set with the following table: 
e | Oy a 


Oy | Oy Oy 
a a Oy 


Then (Y,¢e,0y) is an edge d-algebra. By assumption, there exists a homo- 
morphism f : X — Y such that Ker(f) = I. We claim that J is an ob- 
stinate ideal of X. If x, y ¢ I, x # y, then f(x) = f(y) = a, and hence 
f(eey) = fl) fly) <a0a= Op and fyx dle f(y) © f(c) <a0a=Oy. It 


follows that x * y, yx « € Ker(f) =I. Hence I is an obstinate ideal of X. 
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4. Analytic real algebras and d-algebras 


Let R be the set of all real numbers and let “x” be a binary operation on 
R. Define a map A\:RxR—R. We define x * y := A(z, y) for all z,y € R. 


Such a groupoid (R, *) is said to be an analytic real algebra. 


4.1. Analytic real algebras 


Given an analytic real algebra (R, «), we define 
rer [Ay de 


We call tr(*,A) a trace of A. Note that the trace tr(*,) may or may not 
converge. Given an analytic real algebra (R,*), where x * y := A(z, y), if 
x * x = 0 for all x € R, then tr(x, 4) = 0, but the converse need not be true in 


general. 


Example 4.1. Let x) € R. Define 


‘ae ‘! ifx # xo, 


1 otherwise. 


Then tr(*,A) = [% 


oe) 


»\ (Gao 0, but A(x, zai MGI ie., xp + xo A 0. 


Proposition 4.2. Let (R,*) be an analytic real algebra and let a,b,c € R, 
where x xy :=ax+by+c for all x,y € R. If |tr(*, A)| < 00, then tr(*, A) = 0 


and x*y=a(x—y) for allz,y ER. 


Proof. Given x € R, we have x * x = (a+b)a+c. Since |tr(*,A)| < co, we 


have | [°° [(a + b)a + c]dz| < oo. Now Jat b)x + di = (a+b) +cA= 
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A [2.4 + c] for a large number A, so that if |tr(*,A)| < co, then a+b =0 


and c = 0, ie., we have x * y = a(x — y), and thus x* x =0 for alla ER. 


Theorem 4.3. Let a,b,c, d,e, f € R. Define a binary operation “«” on R by 


aey:= ar? +bry+cy?+dr+ey+f 


for all x,y € R. If |tr(*,A)| < co and 0*2 =0 forallzx ER, thenxzx*xy = 


ax(x — y) for allz,y ER. 


Proof. Given x € R, we have x*x = (at+b+c)x?+(d+e)x+f. Let A:=atb+te, 
B:=d+e. If we assume |tr(*, A)| < 00, then | [°° (Ax? + Bx + f) dz| < oo. 
Now Ji (Ae? +Bax+f)dxr= 413 ++ BL? +fL=L (FL? + 8 + f) for a large 
number EL so that |tr(*,A)| < co implies A= B=f=0,ie,a+b+c= 


0,d+e=0,f =0. It follows that 
xg*xy =(ax—cyt+d)(r4—y). (4.1) 
If we assume 0 * x = 0 for all x € R, then, by (4.1), we have 


0 = O0*2 
= (a0-—cr+d)(0-2z) 


= cxr’?—dzr 


for all x € R. This shows that c = d = 0. Hence x * y = ax(x — y) for all 


zy ER. 
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Corollary 4.4. Let a,b,c,d,e, f € R. Define a binary operation “*” on R by 


gx y:=axr?+brytcy*+dr+eyt f 


for allz,y €R. Ifaxx=0 and0*«x2=0 forallx ER, thenx*y=az(x—y) 


for allx,y € R. 


Proof. The condition, x * « = 0 for all « € R, implies |tr(*,A)| < oo. The 


conclusion follows from Theorem 4.3. 


Proposition 4.5. Let a,b,c,d,e, f € R. Define a binary operation “«” on R 


by 


axy:=ax?+bryt+cy*+dr+eyt+f 


for all x,y € R. If |tr(*, A)| < co and the anti-symmetry law holds for “«”, then 


(ax — cy + d)? + (ay ex d)? > 0 fora # y. 


Proof. If |tr(*, X)| < oo, then by (4.1) we obtain x « y = (ax — cy + d)(x — y). 
Assume the anti-symmetry law holds for “x”. Then either xx y #0 or yxx 40 


for x # y. It follows that (x * y)? > 0 or (y* a)? > 0, and hence (x * y)? + 


(y*ax)* > 0. This shows that. (ax — cy+ d)*+ (ay — cx +d)? > 0. 


Note that in Proposition 4.5 it is clear that if (az—cy+d)?+(ay—car+d)? > 0 


for « # y, then the anti-symmetry law holds. 


Corollary 4.6. If we define x * y := ax(x — y) for all x,y € R where a F 0, 


then (R, *) is a d-algebra. 
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Proof. It is easy to see that xxx =0=0*-2 for all x € R. Assume that x ¥ y. 


Since a * y = ax(x — y) = ax” — azy, by applying Proposition 4.5, we obtain 


b=-a,c=0,d=e=f =0. It follows that (ax — Oy + 0)? + (ay — 0x +0)? = 


a?x? + ay? = a(x? + y”) > 0 when a 4 0. By Proposition 4.5, (IR, *) is a 


d-algebra. 


Proposition 4.7. Let a,b,c,d,e, f € R. Define a binary operation “*” on R 
by 

gxy:=ax’+beytcy*+dre+eyt+f 
for all x,y € R. If |tr(*,A)| < co and x*0= 2 for allx € R, thenz*xy = 


(1—cy)(x —y) for allz,y ER. 


Proof. If |tr(*, A)| < co, then by (4.1) we obtain x * y = (ax — cy + d)(x — y) 
for all z,y € R. If we let y := 0, then e = x * 0 = (ax+d)z. It follows 


that az? + (d—1)x = 0 for all z € R. This shows that a = 0,d = 1. Hence 


x*xy =(1—cy)(x—y) for all z,yER. 


Theorem 4.8. If we define x * y := (ax — cy + d)(x — y) for all x,y € R where 


a,c,d€ R witha+c#0, then the anti-symmetry law holds. 


Proof. Assume that there exist x # y in R such that «x y=0=yx*a. Then 


(az —cy+d)(z — y) = 0 and (ay —cx+d)(y —xz) = 0. Since z F y, we have 


az —cy+d=0=ay-—cxr4+d. (4.2) 


It follows that (a + c)(a — y) = 0. Since a+c # 0, we obtain z = y, a 


contradiction. 
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Remark 4.9. The analytic algebra (R, *), x * y = axz(x — y) for all x,y ER, 
was proved to be a d-algebra in Corollary 4.6 by using Proposition 4.5. Since 
xx y = az(x — y) = (ax — Oy + 0)(x — y), we know that a+ 0 =a#0. Hence 


the algebra (IR, *) can be proved by using Theorem 4.8 also. 


Note that the analytic real algebra (R,*) discussed in Corollary 4.6 need not 


be an edge d-algebra, since 2 * 0 = ax(a —0) = aa? £ a. 
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4.2 Analytic real algebras with functions 


Let a, : R > R be real-valued functions. Define a binary operation “x” 
on R by 
cxy:= a(x)x + Bly)y +e (4.3) 
where cE R. 


Proposition 4.10. Let (IR,*x) be an analytic real algebra defined by (4.3). If 


exx=0=0xa for alla €R, thenxxy=0 forallz,y ER. 


Proof. Assume that x * x = 0 for all x € R. Then 
Oa ea 
= a(x)x + B(x) +e 
= [a(x) + B(w)Ja +e. 


If we let  := 0, thenc=0. If g £0, then a(x) + f(z) = 0, ie., B(x) = —a(z) 


for all z £0 in R. It follows that 
rey =a(xr)x— aly)y. (4.4) 
Assume 0x 2 = 0 for all x € R. Then 


0 = Ox 


I| 
2) 
So 
S 
ae 
DR 
S 
8 
ak 
° 


It follows that $(2) = 0 for all c 4 0 in R. Hence we have x x y = 0 for all 


z,yER. 
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Proposition 4.11. Let (IR,*x) be an analytic real algebra defined by (4.3). If 


xxx =O andrxx0=2 forallx eR, thenzxy=2—-y forallxz,y ER. 


Proof. If we assume x x x = 0 for all x € R, then by (4.4) we obtain rx y = 
a(xz)z — a(y)y. Assume that x0 = @ for alla € R. Then = x0 = 


a(a)a — a(0)0 = a(x)x. This shows that a(x) = 1 for any « 4 0 in R. Hence 


xxy=ux-—y forallz,yER. 


Let a, bi, b2,c,d,e : R — R be real-valued functions and let f € R. Define a 


binary operation “x” on R by 
oxy i= a(x)x? + bi (x)bo(y)ey + c(y)y? + d(a)x + e(y)y + f (4.5) 
for all x,y € R. Assume 0x x2 = 0 for all  € R. Then 


0 = Oxaz 
= c(x)z?+e(x)x+ f 


= [c(x)x+e(x)la+ f 


for all x € R. It follows that f = 0 and c(x)x + e(x) = O for alla A0in R. 


Hence c(y)y? + e(y)y = 0 for all y € R. Hence 

axy =a(x)ax? + by (x)bo(y)ry + d(x)x. (4.6) 
Assume x x x = 0 for all  € R. Then by (4.6) we obtain 

0 = xe 


= a(x)x? + by(x)bo(x)x? + d(x) zx. 
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It follows that d(x)a2 = —[a(x)x? + b1(x)bo(x)x?]. By (4.6) we obtain 


xx y = b(x)x[bo(y)y — b2(x)z]. (4.7) 


Theorem 4.12. Let b,,b2 : R > R be real-valued functions. Define a binary 
operation “x” on R as in (4.7). If we assume bo(x)x 4 bo(y)y and b?(x)a? + 


bi (y)y? > 0 for any x 4 y in R, then (R,x) is a d-algebra. 


Proof. Assume the anti-symmetry law holds. Then it is equivalent to that if 
af#ythenaxy £0 oryxar £0, ie, if ¢ y then (xx y)? + (y*2)? > 0. 


Since x x y is defined by (4.7), we obtain that if « 4 y then 


(bj (x)a? + b7(y)y*) (ba(w)a — ba(y)y)* > 0. 


By assumption, we obtain that (IR, x) is a d-algebra. 


Example 4.13. Consider x « y := ax(x — y) for all z,y € R. If we compare it 
with (4.7), then we have bi(x) = a,bo(y) = —1 and be(x) = —1 for allz ER. 
This shows that bo(x)x — bo(y)y = (—1)a — (-1)y = y— x 4 0 when z F y. 
Moreover, b?(x)x? + b?(y)y? = a?x? + b?(y)y? > 0 since a 4 0. By applying 
Theorem 4.12, we see that an analytic real algebra (IR, x) where rxy := ax(x—y), 


a # 0 is a d-algebra. 


34 


Example 4.14. Consider x * y := xrtan2z[eYy — e*2] for all z,y € R. By 
comparing it with (4.7), we obtain bi(x) = tan2z,be(y) = e¥ and boe(x) = 
e”. If  # y, then it is easy to see that xe* A yeY and b?(x)x? + bi (y)y? = 
(tan 27)?a? + (tan 2y)?y? > 0 when x 4 y. Hence an analytic real algebra (R, x) 


where xx y := x tan 2z[e¥y — e*z] is a d-algebra by Theorem 4.12. 


In Theorem 4.12, we obtained some conditions for analytic real algebras to 
be d-algebras. In addition, we construct an edge d-algebra from Theorem 4.12 


as follows. 


Theorem 4.15. If define a binary operation “«” on R by 


_ bila) : 
TY I= ‘" il aa tig 


x otherwise, 


where b;(«) is a real-valued function such that bi(y) #0 ify 4 0, then (IR, x) is 


an edge d-algebra. 


Proof. Define a binary operation “x” on R as in (4.7) with additional conditions: 
bo(x)x # bo(y)y and bi (x)x? +b? (y)y? > 0 for any « 4 yin R. Assume 7x0 = 2 


for all z € R. Then 


Cae 0 


by (~)a[b2(0)0 — bo(x) a] 


—b1(x)be (x)x?. 


Combining with (4.7) we obtain 


rey = bi(x)bo(y)ay — bi (x)bo(x)x? 
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= bi(x)bo(y)ny +x 


[bi (x)bo(y)y + 1). 


If we let xy #0, then 


xy = 2 foxcey(- 


If we let x x y := x when y = 0, then (R,x) is an edge d-algebra. 


Example 4.16. Define a map bi(x) := e” for all x € R. Then rxy = 
x E — =| =2 (1 — eX(2-9)) when y # 0. If we define a binary operation “x” 


ery 


on R by 


x otherwise, 


1-ee-v] ify £0 
Laprren SS 
then (R, x) is an edge d-algebra. 


Proposition 4.17. Suppose that we define a binary operation “«” on R by 


ww gbu(a) . 
rey = {el mip) fy #0, 


x otherwise, 


where b;(x) is a real-valued function such that b;(y) 4 0 ify 4 0. Assume that 


ifx #y, then either b1(x « y) = bi (x) or by (ax (x x y)) = bi(y). Then 


(ax (ax y)) xy =0 (4.8) 


for allx,y € R. 
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Proof. By Theorem 4.15 (R,*) is an edge d-algebra and hence (4.8) holds for 


xxy=Oory=0. Assume xxy #0 and y £0. Then 


It follows that 


(xx(xxy))xy = [xx(xxy)| 1 fore 
2) neal ag 
= %, 


proving the proposition. 
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5. Smarandache fuzzy ideals in BC J-algebras 


In this chapter, we discuss a Smarandache fuzzy structure on BC I-algebras 
and introduce the notion of a Smarandache fuzzy subalgebra (ideal) of a Smaran- 
dache BC I-algebra, a Smarandache fuzzy clean (fresh) ideal of a Smarandache 


BC I-algebra are introduced, and we investigate their properties. 


5.1 Smarandache fuzzy ideals 


Definition 5.1. Let X be a Smarandache BCI-algebra. A map uw: X > (0, 1] 


is called a Smarandache fuzzy subalgebra of X if it satisfies 
(SFi) u(0) > u(x) for all x € P, 


(SF2) w(a*y) 2 min{y(x), u(y)} for all x,y € P, 


where P C X, P is a BC'K-algebra with |P| > 2. A map w: X — [0,1] is 
called a Smarandache fuzzy ideal of X if it satisfies (SF) and (F2) p(x) > 
min{p(x *« y), u(y)} for all z,y € P, where P € X, P is a BCK-algebra with 
|P| > 2. This Smarandache fuzzy subalgebra (ideal) is denoted by pp, i.e., 


pup : P > [0,1] is a fuzzy subalgebra (ideal) of X. 
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Example 5.2. ((8]) Let X := {0,1,2,3,4,5} be a Smarandache BC'I-algebra 


with the following table: 


*/0 12 3 4 5 
07/0 0 0 3 3 3 
1/1 0 1 3 3 3 
2/2 2 0 3 3 3 
3/3 3 3 0 0 0 
4/4 3 4 10 0 
5/5 3 5 1 1 0 


Define a map : X — [0,1] by 


(x) 0.5 if x € {0,1,2,3}, 
vt) i= 
0.7 otherwise. 


Clearly y is a Smarandache fuzzy subalgebra of X. It is verified that yz restricted 
to a subset {0, 1, 2,3} which is a subalgebra of X is a fuzzy subalgebra of X, i.e., 
150,1,2,3} : {0, 1, 2,3} — [0,1] is a fuzzy subalgebra of X. Thus yw : X — [0,1] is 
a Smarandache fuzzy subalgebra of X. Note that uw: X — [0,1] is not a fuzzy 


subalgebra of X, since (5 * 4) = w(1) = 0.5 $ min{ (5), u(4)} = 0.7. 


Example 5.3. (({8]) Let X := {0,1,2,3,4,5} be a Smarandache BC'[-algebra 


with the following table: 


*/0 12 3 4 5 
0;/0 00 0 4 4 
REO MOR ie 4 
2 2 2a 4 
3/3 3 3 0 4 4 
4;4 4 4 4 0 0 
5/5 4 4 5 1 0 


Define a map : X — [0,1] by 


0.5 if x € {0,1, 2}, 
0.7 otherwise. 
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Clearly is a Smarandache fuzzy ideal of X. It is verified that yz restricted 
to a subset {0,1,2} which is an ideal of X is a fuzzy ideal of X, i-e., 140,1,2} : 
{0, 1,2} — [0,1] is a fuzzy ideal of X. Thus uw: X — [0,1] is a Smarandache 
fuzzy ideal of X. Note that u : X — [0,1] is not a fuzzy ideal of X, since 


(2) = 0.5 % min{u(2* 4) = (4), u(4)} = w(4) = 0.7. 


Lemma 5.4. Every Smarandache fuzzy ideal wp of a Smarandache BCI- 


algebra X is order reversing. 


Proof. Let P bea BCI-algebra with P € X and |P| > 2. Ifz,y € Pwithz < y, 


then x * y = 0. Hence we have p(x) > min{p(x* y), u(y)} = min{u(0), u(y)} = 


u(y). 


Theorem 5.5. Every Smarandache fuzzy ideal up of a Smarandache BC'I- 


algebra X is a Smarandache fuzzy subalgebra of X. 


Proof. Let P be a BC I-algebra with P ¢ X and |P| > 2. Since x * y < x for 


any x,y € P, it follows from Lemma 5.4 that p(x) < p(x * y), so by (SF2) we 


obtain p(x * y) > u(x) > min{p(ax « y), u(y)} > min{pu(x), u(y)}. This shows 


that ys is a Smarandache fuzzy subalgebra of X, proving the theorem. 
Proposition 5.6. Let up be a Smarandache fuzzy ideal of a Smarandache 
BCT-algebra X. If the inequality «*y < z holds in P where BCI-algebra P 


with P ¢ X and |P| > 2, then p(x) > min{p(x), u(z)} for all x,y, z € P. 
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Proof. If «*y < z in P, then (x * y) * z = 0. Hence we have p(x * y) > 
min{pu((x * y) * z), w(z)} = min{u(0), w(z)} = u(z). It follows that p(x) > 


min{y(z*y), w(y)} 2 min{u(y), (z)}- 


Theorem 5.7. Let X be a Smarandache BC I-algebra. A Smarandache fuzzy 
subalgebra pp of X is a Smarandache fuzzy ideal of X if and only if for all 


x,y € P where BCI-algebra P with P ¢ X and |P| > 2, the inequality 


x*xy < z implies u(x) > min{u(y), u(z)}. 


Proof. Suppose that pp is a Smarandache fuzzy subalgebra of X satisfying the 
condition x * y < z implies u(x) > min{p(y),u(z)}. Since x * (wey) < y 


for all z,y € P, it follows that u(x) > min{pu(a * y),w(y)}. Hence pp is a 


Smarandache fuzzy ideal of X. The converse follows from Proposition 5.6. 


Al 


5.2 Smarandache fuzzy clean ideals 


Definition 5.8. Let X be a Smarandache BCI-algebra. A map uw: X > [0,1] 


is called a Smarandache fuzzy clean ideal of X if it satisfies (SF) and 
(SF3) w(x) = min{u(a * (y * x)) * z), u(z)} for all x,y, 2 € P, 


where P ¢ X and P is a BC'K-algebra with |P| > 2. This Smarandache fuzzy 
clean ideal is denoted by pp, i.e., wp : P — [0,1] is a Smarandache fuzzy clean 


ideal of X. 


Example 5.9. ((9]) Let X := {0,1,2,3,4,5} be a Smarandache BC [-algebra 


with the following table: 


«| |) eg pe} el 
0;0 000 0 5 
mi OG 0 Our s 
2 | 2 =A 
3/3 4 4 4 0 5 
4;4 4 4 4 0 5 
5/5 5 5 5 5 O 


Define a map py: X — [0,1] by 


0.4 if a € {0,1,2,3}, 
w(x) = 
0.8 otherwise. 


Clearly y: is a Smarandache fuzzy clean ideal of X, but ys is not a fuzzy clean 
ideal of X, since (3) = 0.4 # min{p((3* (0*3))*5), w(5)} = min{ (5), u(5)} = 
pla) = 0.8. 
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Theorem 5.10. Let X be a Smarandache BC I-algebra. Every Smarandache 


fuzzy clean ideal wp of X is a Smarandache fuzzy ideal of X. 


Proof. Let X be a BC I-algebra with P ¢ X and |P| > 2. Let up: P — [0,1] 
be a Smarandache fuzzy clean ideal of X. If we let y := x in (SF3), then (ax) > 


min {ya((r* (x #22) #2), (2)} = min{u( (a0) * 2), 4(2)} = min{u(e* 2), (2)}, 
for all x,y,z € P. This shows that y satisfies (SF). Combining (SF), we get 


pp is a Smarandache fuzzy ideal of X, proving the theorem. 


Corollary 5.11. Every Smarandache fuzzy clean ideal wp of a Smarandache 


BCI-algebra X is a Smarandache fuzzy subalgebra of X. 


Proof. It follows from Theorem 5.5 and Theorem 5.10. 


Example 5.12. Let X := {0,1,2,3,4,5} be a Smarandache BC J-algebra with 


the following table: 


ram (0) th a 
0;0 000 0 5 
1/1 01 00 5 
2)/2 2 00 0 5 
3/3 3 3 0 0 5 
4/4 3 410 5 
5/5 5 5 5 5 0 


Let pp be a fuzzy set in P = {0,1,2,3,4} defined by (0) = (2) = 0.8 and 


w(1) = u(3) = (4) = 0.3. It is easy to check that up is a fuzzy ideal of 


X. Hence yp: X — [0,1] is a Smarandache fuzzy ideal of X. But it is not a 
Smarandache fuzzy clean ideal of X since u(1) = 0.3 4 min{p((1 * (3 « 1)) * 


2), 4(2)} = min{u(0), u(2)} = 0.8. 
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Theorem 5.13. Let X be a Smarandache implicative BC'I-algebra. Every 


Smarandache fuzzy ideal up of X is a Smarandache fuzzy clean ideal of X. 


Proof. Let P be a BCI-algebra with P ¢ X and |P| > 2. Since X is a 
Smarandache implicative BC I-algebra, we have x = x * (y* x) for all x,y € P. 
Let up be a Smarandache fuzzy ideal of X. It follows from (SF») that p(x) > 


min{p(x * z), u(z)} 2 min{p((x * (y * x) * z), w(z)}, for all x,y, 2 € P. Hence 


jp is a Smarandache clean ideal of X. The proof is complete. 


In what follows, we give characterizations of fuzzy implicative ideals. 
Theorem 5.14. Let X be a Smarandache BC'I-algebra. Suppose that up is a 
Smarandache fuzzy ideal of X. Then the following equivalent: 

(i) up is Smarandache fuzzy clean, 
(ii) u(x) > p(x * (y*a)) for all x,y € P, 


(iii) (a) = p(x * (y* x)) for all x,y € P. 


Proof. (i) = (ii): Let wp be a Smarandache fuzzy clean ideal of X. It follows 
from ($F3) that p(x) > min{y((x x (y*2)) #0), u(0)} = min{u(x « (y + 
x)), u(0)} = u(x * (y * x)), for all x,y € P. Hence the condition (ii) holds. 

(ii) = (iii): Since X is a Smarandache BCI-algebra, we have x *« (y* x) < x 
for all x,y € P. It follows from Lemma 5.4 that p(x) < u(x * (y* x)). By (ii), 


p(x) > p(x * (y* x)). Thus the condition (iii) holds. 
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(iii) > (i): Suppose that the condition (iii) holds. Since jp is a Smarandache 
fuzzy ideal, by (SF2), we have (a * (y * x)) > min{y((x * (y * @)) * z), u(z)f- 
By assumption, we obtain p(x) > min{p((x*(y*x))*z), u(z)}. Hence p satisfies 


the condition (SF3). Obviously, ju satisfies (SF). Therefore py is a fuzzy clean 


ideal of X. Hence the condition (i) holds. The proof is complete. 


For any fuzzy sets yz and v in X, we write yz < v if and only if u(x) < (az) 


for any x € X. 


Definition 5.15. Let X be a Smarandache BCIJ-algebra and let wp : P > (0, 1] 
be a Smarandache fuzzy BC I-algebra of X. For t < y(0), the set py := {x € 


P\p(x) > t} is called a level subset of pp. 


Theorem 5.16. A fuzzy set u in P is a Smarandache fuzzy clean ideal of X if 
and only if, for all t € [0,1], 4 is either empty or a Smarandache clean ideal of 


Xx, 


Proof. Suppose that jp is a Smarandache fuzzy clean ideal of X and pu, 4 @ for 
any t € [0,1]. It is clear that 0 € su, since u(0) > t. Let p((x* (y* x)) *z) >t 
and yu(z) > t. It follows from (SF3) that p(x) > min{p((x * (y * x)) * 2), 
pu(z)} >t, namely, x € p,. This shows that ju; is a Smarandache clean ideal of 
Xx. 

Conversely, assume that for each t € [0,1], jz is either empty or a Smaran- 
dache clean ideal of X. For any x € P, let u(x) = t. Then x © py. Since 
ut(A# ) is a Smarandache clean ideal of X, 0 € yz and hence p(0) > u(x) = t. 


Thus yu(0) > w(x) for all « € P. Now we show that yp satisfies (SF3). If not, 
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then there exist x’, y’, 2’ € P such that p(2’) < min{p((a" * (y! * 2’)) * 2’), w(2’)}. 
Taking tg := Hyu(a’) +min{u( (2! * (o/ #2’) #2"), u(2)}}, we have pla’) < ty < 
min{p((a! * (y’ * 2’)) * 2’), u(z’)}. Hence a’ ¢ pt, (a! * (y! * x’) * z © uty, and 


z' € to, i€., ft) is not a Smarandache clean of X, which is a contradiction. 


Therefore, wp is a Smarandache fuzzy clean ideal, completing the proof. 


Theorem 5.17. (/9/) (Extension Property) Let X be a Smarandache BCI- 
algebra. Let I and J be Q-Smarandache ideals of X andI CJ CQ. Ifl isa 


Q-Smarandache clean ideal of X, then so is J. 


Next we give the extension theorem of Smarandache fuzzy clean ideals. 


Theorem 5.18. Let X be a Smarandache BC I-algebra. Let and v be 
Smarandache fuzzy ideals of X such that wy < v and u(0) = v(0). If pw isa 


Smarandache fuzzy clean ideal of X, then so is v. 


Proof. It suffices to show that for any t € [0,1], 1% is either empty or a Smaran- 
dache clean ideal of X. If the level subset + is non-empty, then py, 4 0 and 
tte CY. In fact, if x € uz, then t < p(x); hence t < v(x), ie, x € H%. So py C YH. 
By the hypothesis, since yz is a Smarandache fuzzy clean ideal of X, pz is a 
Smarandache clean of X by Theorem 5.16. It follows from Theorem 5.17 that 
vz is a Smarandache clean ideal of X. Hence v is a Smarandache fuzzy clean of 


X. The proof is complete. C 
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5.3 Smarandache fuzzy fresh ideals 


Definition 5.19. Let X be a Smarandache BCJ-algebra. A map uw: X —> (0, 1] 


is called a Smarandache fuzzy fresh ideal of X if it satisfies (SF) and 
(SFy) p(w * z) > min{p((x * y) * z), u(y * z)} for all x,y,z € P, 


where P is a BC K-algebra with P ¢ X and |P| > 2. This Smarandache fuzzy 
ideal is denoted by pp, i.e., wp : P — [0,1] is a Smarandache fuzzy fresh ideal 


of X. 


Example 5.20. ([9]) Let X := {0,1,2,3,4,5} be a Smarandache BC I-algebra 


with the following table: 


* | (Opp 23 pete 
0;0 000 0 5 
my LO) IL 
2 | 2—2—J 12-0 
3/3 13 03 5 
4;4 4 4 4 0 5 
5/5 5 5 5 5 O 


Define a map yu: X — [0,1] by 


0.5 tee 4 0,43}, 
M(x) = 
0.9 otherwise. 


Clearly ys is a Smarandache fuzzy fresh ideal of X. But it is not a fuzzy fresh 
ideal of X, since 4(2*4) = (0) = 0.5 % min{y( (2*5)*4), w(5*4)} = w(5) = 


0.9. 
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Theorem 5.21. Every Smarandache fuzzy fresh ideal of a Smarandache BC 'I- 


algebra X is a Smarandache fuzzy ideal of X. 


Proof. Taking z := 0 in (SF) and x * 0 = a, we have p(x * 0) > min{p((ax * 


y) *0), u(y * 0)}. Hence u(x) > min{pu(a * y), u(y)}. Thus (S'F2) holds. 


The converse of Theorem 5.21 need not be true in general. 


Example 5.22. ([9]) Let X := {0,1,2,3,4,5} be a Smarandache BC [-algebra 


with the following table: 


or WN FEF OO! * 
or WN FF CO]O 
oe FPF OC Or 
ore OO O/|b 
or OFC Olw 
ooOoaWwWNnNrF oO; 
© ot or Ot Ot OU OT 


Define a map : X — [0,1] by 


A) = if x € {0,4}, 


0.4 otherwise. 
Clearly p(x) is a Smarandache fuzzy ideal of X. But s(x) is not a Smarandache 
fuzzy fresh ideal of X, since u(2 * 3) = w(1) = 0.4 % min {p((2 * 1) * 3), 


(1 *3)} = min{p(1 *3), 4(0)} = w(0) = 0.5. 
Proposition 5.23. Let X be a Smarandache BC'I-algebra. A Smarandache 


fuzzy ideal pp of X is a Smarandache fuzzy fresh ideal of X if and only if it 


satisfies the condition p(a * y) > u((a@* y) *y) for all x,y € P. 


48 


Proof. Assume that wp is a Smarandache fuzzy fresh ideal of X. Putting z := y 
in (SF), we have (a * y) > min{u((a * y) *y), nly *y)} = min{y((a * y) # 
y), (0)} = w((v*y) *y), for all zy € P. 

Conversely, let wp be a Smarandache fuzzy ideal of X such that p(x * y) > 
u((z * y) * y). Since, for all z,y,z EP, ((u*z)*xz) * (y*z) < (axz)*y = 
(x+y) * 2, we have pi((e*y) *2) < p(((e* z) #2) «(y*2)). Hence ple +z) > 


p((e*2z) * 2) > min{u(((a*z)*2)*(y*2)), w(y*2)} > min{u((e+y)*2), 


u(y * z)}. This completes the proof. 


Since (xxy)*y < xxy, it follows from Lemma 5.4 that p(x*y) < w((ax*y)*y). 


Thus we have the following theorem. 


Theorem 5.24. Let X be a Smarandache BC I-algebra. A Smarandache fuzzy 


ideal xp of X is Smarandache fuzzy fresh if and only if it satisfies the equality 


waxy) =p((exy)*y), forall x,y eX. 


We give an equivalent condition for which a Smarandache fuzzy subalgebra 


of a Smarandache BC I-algebra to be a Smarandache fuzzy clean ideal of X. 


Theorem 5.25. A Smarandache fuzzy subalgebra up of X is a Smarandache 


fuzzy clean ideal of X if and only if it satisfies 


(x * (y* x)) * z <u implies p(x) > min{p(z), u(u)} for all x,y, z,u€ P. (**) 
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Proof. Assume that wp is a Smarandache fuzzy clean ideal of X. Let x,y, z,u € 
P be such that (x * (y * x)) * z <u. Since pz is a Smarandache fuzzy ideal of 
X, we have u(x *(y*x)) > min{p(z), u(u)} by Theorem 5.7. By Theorem 5.14 
(iii), we obtain p(x) > min{p(z), u(u)}. 

Conversely, suppose that jp satisfies («*). Obviously, wp satisfies (SF), 
since (x x (y*x)) * ((x* (y*x))*z) < 2, by (7), we obtain p(x) > 


min{p ((a*(y*x))*z), w(z)}, which shows that pp satisfies (SF3). Hence pp 


is a Smarandache fuzzy clean ideal of X. The proof is complete. 
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Abstract 


In this paper we construct some real algebras by using elementary functions, and 
discuss some relations between several axioms and its related conditions for such func- 
tions. We obtain some conditions for real-valued functions to be a (edge) d-algebra. 
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Background 

The notions of BCK-algebras and BCI-algebras were introduced by Iséki and Iséki and 
Tanaka (1980, 1978). The class of BCK-algebras is a proper subclass of the class of BCI- 
algebras. We refer useful textbooks for BCK-algebras and BCi-algebras (Lorgulescu 
2008); Meng and Jun (1994); Yisheng (2006). The notion of d-algebras which is another 
useful generalization of BCK-algebras was introduced by Neggers and Kim (1999), and 
some relations between d-algebras and BCK-algebras as well as several other relations 
between d-algebras and oriented digraphs were investigated. Several aspects on d-alge- 
bras were studied (Allen et al. 2007; Han et al. 2010; Kim et al. 2012; Lee and Kim 1999; 
Neggers et al. 1999, 2000). Simply d-algebras can be obtained by deleting two identities 
as a generalization of BCK-algebras, but it gives more wide ranges of research areas in 
algebraic structures. Allen et al. (2007) developed a theory of companion d-algebras in 
sufficient detail to demonstrate considerable parallelism with the theory of BCK-alge- 
bras as well as obtaining a collection of results of a novel type. Han et al. (2010) defined 
several special varieties of d-algebras, such as strong d-algebras, (weakly) selective 
d-algebras and pre-d-algebras, and they showed that the squared algebra (X, 1, 0) of a 
pre-d-algebra (X, *,0) is a strong d-algebra if and only if (X, *,0) is strong. Allen et al. 


(2011) introduced the notion of deformations in d / BCK-algebras. Using such deforma- 
tions, d-algebras were constructed from BCK-algebras. Kim et al. (2012) studied proper- 
ties of d-units in d-algebras, and they showed that the d-unit is the greatest element in 
bounded BCk-algebras, and it is equivalent to the greatest element in bounded commu- 
tative BCK-algebras. They obtained several properties related with the notions of weakly 
associativity, d-integral domain, left injective in d-algebras also. 

In this paper we construct some real algebras by using elementary functions, and dis- 
cuss some relations between several axioms and its related conditions for such func- 
tions. We obtain some conditions for real-valued functions to be a (edge) d-algebra. 
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(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, 
provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and 
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Preliminaries 
A d-algebra (Neggers and Kim 1999) is a non-empty set X with a constant 0 and a binary 


now 


operation "x" satisfying the following axioms: 


(I) x*xX =0, 
(II) Oxx=0, 
(UI) «*y=Oandyxx =Oimply x =y forallx,y eX. 


For brevity we also call X a d-algebra. In X we can define a binary relation "<" by x < yif 
and only ifx xy =0. 

An algebra (X, x, 0) of type (2,0) is said to be a strong d-algebra (Han et al. 2010) if it 
satisfies (1), (IL) and (III*) hold for all x, y € X, where 


(III*) «* y = y* x implies x = y. 


Obviously, every strong d-algebra is a d-algebra, but the converse need not be true (Han 
et al. 2010). 


Example 1 (Han et al. 2010) Let R be the set of all real numbers and e € R. Define 


wow 1 


x* y= (x — y)- (w —e) +e for all x,y € R where "*" and "—" are the ordinary prod- 
uct and subtraction of real numbers. Then * «x =e;exx=e;xxy=yxx =e yields 
(x—y)-(«-—e) =0,(y—«x)-(y—e) =Oandx =yorx=e=y, ie, x =y, ie., (R, x, e) 


is a d-algebra. 


However, (R, *,e) is not a strong d-algebra. If xxy=yxx< (x-—y)-(~—e) +e 
=(y—x):(-e) te &(&—-y)-@-e) =—-(@—y)-Y—-e) & (4 y)- (* -—e+y—e) 
=0$ («-y)-(+y-—2e)=0 S («=y or «+ y= 2e), then there exist x =e+a 
and y = e — asuch that x + y = 2¢, ie, xx y = y*x and x # y. Hence, axiom (III*) fails 


and thus the d-algebra (R, , e) is not a strong d-algebra. 
A BCk-algebra is a d-algebra X satisfying the following additional axioms: 


(IV) ((«*« y) * (~*z)) *(Z*y) =0, 
(V) («* (x y)) *y =O for allx,y,z € X. 


Example 2  (Neggers et al. 1999) Let X := {0, 1, 2, 3, 4} be a set with the following table: 


. 0 1 2 3 4 
0 0 0 0 0 0 
] ] 0 ] 0 ] 
2 2 2 0 3 0 
3 3 3 2 0 3 
4 4 4 ] ] 0 


Then (X, *, 0) is a d-algebra which is not a BCK-algebra. 


Let X be a d-algebra and x € X. X is said to be edge if for any x € X, x * X = {x, 0}. It is 
known that if X is an edge d-algebra, then x « 0 = x for any x € X (Neggers et al. 1999). 
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Analytic real algebras 
Let R be the set of all real numbers and let “x” be a binary operation on R. Define a map 
A:RxR-R If we define x * y := A(x, y) for all x, y € R, then we call such a groupoid 
(R, *) an analytic real algebra. 

Given an analytic groupoid (R, «), we define 


tr(*, A) := / A(x, x) dx 


We call tr(*, 2) a trace of 1. Note that the trace tr(*, 4) may or may not converge. Given an 
analytic groupoid (R, *), where x * y := A(x, y), if x * x = 0 for all x € R, then tr(x, 4) = 0, 
but the converse need not be true in general. 


Example 3 Let xo € R. Define 


_f0 - ifx £ xo, 
Mot, 4) = { 1 otherwise 


Then tr(x, 2) = i A(x, x) dx = 0, but A(xo, x9) = 14 0, ie, xo * x9 AO. 
Proposition 4 Let (R,*) be an analytic real algebra and let a,b,c €R, where 
x*kyi=ax+by+c for all xyeER. If |tr(,4)| < 00, then tr(*x,A)=0 and 
x*xy = a(x —y)forall x,y ER. 


Proof Given x €R, we have xxx =(a+b)x-+c. Since |tr(x,2)| < oo, we have 
| [la + b)x + cldx| < o0.Now f"[(a + b)x +c] dx = (a+b) + cA = ASA + | 
for a large number A, so that if |tr(*, 2)| < oo, then a+b =0 andc =O, ie., we have 


x * y = a(x — y), and thus x *« = Oforallx ER. 


Theorem5 Leta,b,c,d,e,f € R. Define a binary operation "x" on R by 
x*y = ax* + bey +cy’ +dx+ey+f 


for all x,y €R. If|tr(*, d)| < cand 0*x = 0 for all x € R, then x * y = ax(x — y) for all 
wyER. 


Proof Given x € R, we have x*x = (at+b+c)x?+(dt+tejx+f.Let A:=atbt+<e, 
B:=d-+e. If we assume |tr(x«,2)| < oo, then | [2 (Ax* + Boe +f) dx| < oo. Now 
fj (Ax + Be +f) dx = 413 + 81? + fL = LAV + 8 + f) for a large number L so that 
|tr(«, 2)| < coimplies A= B=f =0,ie,a+b+c=0,d+e=0,f =0. It follows that 


x*y = (ax —cy+d)(« —y) (1) 


If we assume 0 « x = 0 for all x € R, then, by (1), we have 
0=0xx 
= (40 —cx + d)(0—- x) 


= cx’ — dx, 


for all x € R. This shows that c = d = 0. Hence x * y = ax(x — y) forall x,y ER. 
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Corollary6 Let a,b,c,d,e,f € R. Define a binary operation “x” on R by 

x*y = ax* + bay +cy’ +dxtey+f 
for all x,y ER. If x«*x =0 and 0*«x =0 for all x ER, then x * y = ax(x — y) for all 
xyeER. 


Proof The condition, x « « = 0 for all x € R, implies |tr(«, 2)| < oo. The conclusion fol- 


lows from Theorem 5. 


Proposition 7 Let a,b,c,d,e,f € R. Define a binary operation “*’ on Rby 
xy = ax’ + bxeyt cy +dx+teyt+f 


for all x,y ER. If |tr(*,a)| < co and the anti-symmetry law holds for “x, then 
(ax —cy +d)? + (ay —cx +d)? > Oforx#y. 


Proof If |tr(, 2)| < oo, then by (1) we obtain « * y = (ax — cy+d)(x« — y). Assume 
the anti-symmetry law holds for “x” Then either x * y £0 or y* x £0 for x #¥. It fol- 
lows that (« * y)? > 0 or (y * x)? > 0, and hence (x * y)? + (y * x)? > 0. This shows that 
(ax — cy +d)? + (ay—cx +d)? > 0. 


Note that in Proposition 7 it is clear that if (ax — cy +d)? + (ay — cx + d)* > 0 for 
x # y, then the anti-symmetry law holds. 


Corollary 8 Jf we define x * y := ax(x — y) for all x,y € R where a # 0, then (R, *) is a 
d-algebra. 


Proof It is easy to see that x*x =0=0 x for all x e R. Assume that x # y. Since 
x * y = ax(x — y) = ax” — axy, by applying Proposition 7, we obtain b = —a,c = 0, 
d=e=f=0. It follows that (ax —Oy+0)?+ (ay—0x+0)? =a’x? + ay 


= a*(x* + y”) > Owhen a # 0. By Proposition 7, (R, *) is a d-algebra. 


Proposition9 Leta,b,c,d,e,f € R. Define a binary operation “x” on R by 

xy = ax’ + bxyt cy +dx+teyt+f 
for all x,y € R. If |tr(*, 4)| < co and x *0 =< for all x € R, then x *y = (1 —cy)(x — y) 
forallx,y ER. 


Proof If |tr(,/)| < oo, then by (1) we obtain x * y = (ax —cy+d)(x—y) for all 
x,y € R. If we let y := 0, then x = « x0 = (ax + d)x. It follows that ax? + (d —1)x =0 
for all x € R. This shows that a = 0,d = 1. Hence x x y = (1 —cy)(x — y) forallx,y ER. 


Theorem 10 If we define x * y := (ax — cy + d)(x — y) for all x,y € R where a,c,d ER 
with a +c # 0, then the anti-symmetry law holds. 
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Proof Assume that there exist x #y in R such that xxy=O=yxwx. Then 
(ax — cy + d)(« — y) = Oand (ay — cx + d)(y — x) = 0. Since x 4 y, we have 


ax —cy+d=0=ay—cx+d (2) 


It follows that (4 + c)(x — y) = 0. Since a + c 4 0, we obtain x = y, a contradiction. 


Remark The analytic algebra (R,*), wx*y=ax(x—y) for all xyveER, 
was proved to be a d-algebra in Corollary 8 by using Proposition 7. Since 
x * Y = ax(x — y) = (ax — Oy + 0)(« — y), we know that a + 0 = a £0. Hence the alge- 
bra (R, *) can be proved by using Theorem 10 also. 


Note that the analytic real algebra (R, *) discussed in Corollary 8 need not be an edge 
d-algebra, since x * 0 = ax(x — 0) = ax? 4x. 


Analytic real algebras with functions 


“i 


Let a, 8 : R > Rbe real-valued functions. Define a binary operation “x” on R by 
x*eyi=a(x)x+ BIY)y +c (3) 


wherec € R. 


Proposition 11 Let(R, *) be an analytic real algebra defined by (3). Ifx*xx =0=O0x«x 
for all x € R, then x xy = Oforallx,y ER. 


Proof Assume that x x x = 0 for all x € R. Then 


O=xx*xx 
=a(x)x+ Bw)x+ec 
= [a(x) + B@)|x + 


If we let x :=0, then c= 0. If x £0, then a(x) + B(x) =O, ie., B(x) = —a(x) for all 
x £0inR. It follows that 

x*eyY=a(x)x—a(y)y (4) 
Assume 0 « x = 0 for all x € R. Then 


0=O0xx 
= a(0)0+ Biw)x +c 
= B(x)x 


It follows that 6(«) = 0 for all « ~ 0 in R. Hence we have x « y = 0 for allx,y € R. 


Proposition 12 Let (R,*) be an analytic real algebra defined by (3). If x x x = 0 and 
“«*0=xforallx €R, thenx*y=x-—yforallx,yER. 
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Proof Ifwe assume x « x = 0 for all x € R, then by (4) we obtain x * y = a(x)x — a(y)y. 
Assume that x *0 =. for all x € R. Then x =x *0 =a(x)x — a(0)0 = a(x)x. This 


shows that a(x) = 1for any x # Oin R. Hencex * y= x —yforallx,y ER. 


Let a, b,, b2,c,d,e : R > R be real-valued functions and let f € R. Define a binary 
operation “x” on R by 


KRY I= a(x)x? + by («)bo(y)ay + c(y)y" + d(x)x+eny+f (5) 
for all x,y € R. Assume 0 * « = 0 for all x € R. Then 
0=O0xx 


= c(x)x? + e(x)x +f 
= [c(x)x + e(x) x +f 


for all x ER. It follows that f =0 and c(x)x + e(x) = 0 for all x 40 in R. Hence 
c(y)y* + e(y)y = 0 for all y € R. Hence 


xy = a(x)x? + by (x)bo (yxy + d(x)x (6) 
Assume x * x = 0 for all x € R. Then by (6) we obtain 
O=xx*x 
= a(x)x” + by (x)bo(x)x” + d(x)x 
It follows that d(x)x = —[a(x)x? + by (x)b2(x«)x"]. By (6) we obtain 
xy = by (x)x[bo(y)y — br(x)x] (7) 


Theorem 13 Let by, by : R > R be real-valued functions. Define a binary operation “x” 
on Ras in (7). If we assume bo(x)x 4 bo(y)y and bi (x)x? + bi (y)y* > O for any x #y in 
R, then (R, *) is a d-algebra. 


Proof Assume the anti-symmetry law holds. Then it is equivalent to that if « 4 y then 
x*xy £O0or yxx £0, ie., if « ~ y then (x * y)? + (y * x)” > 0. Since x *y is defined by 
(7), we obtain that if « A y then 


(b2(x)x” + b7(y)y") (bo («)x — ba(y)y)? > 0 


By assumption, we obtain that (R, *) is a d-algebra. 


Example 14 Consider «*y:=ax(x—y) for all x,y eR. If we compare it with 
(7), then we have bi(x) = a, bo(y) = —1 and bo(x) = —1 for all x € R. This shows 
that bo(x)x — boyy = (-lI)x —(-Dy=y-x40 when x+y. Moreover, 
bi(x)x? + bi(y)y* = a2x” + bi(y)y? > 0 since a #0. By applying Theorem 13, we see 
that an analytic real algebra (R, *) where x * y := ax(x — y), a # Ois a d-algebra. 


Example 15 Consider x * y := «tan 2x[e”y — e*x] for all x,y © R. By comparing it 
with (7), we obtain b;(x) = tan 2x, bo(y) = e” and bo(x) = e*. If x #y, then it is easy to 
see that xe” A ye” and bi (x)x? + bi (y)y? = (tan 2x)?x” + (tan 2y)?y? > 0 when « #4 y. 
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Hence an analytic real algebra (R, «) where x * y := x tan 2x[e”’y — e*x] is a d-algebra by 
Theorem 13. 


In Theorem 13, we obtained some conditions for analytic real algebras to be d-alge- 
bras. In addition, we construct an edge d-algebra from Theorem 13 as follows. 


Theorem 16 = I[fwe define a binary operation “x” on R by 


can (BBL 4 
, x otherwise 


where b,(x) is a real-valued function such that bi(y) 4 0 if y 0. Then (R, *) is an edge 
d-algebra. 


“i 


Proof Define a binary operation “x” on R as in (7) with additional conditions: 
bo(x)x # bo(y)y and bi (x)x? + bi(y)y* > 0 for any « Ay in R. Assume x * 0 = ~ for all 


x € R. Then 
x=xx«0 
= b1(x)x[b2(0)0 — bo(x)x] 
= — by (x)b2(x)x? 


Combining with (7) we obtain 
x & y = Dy (x)by (yay — by (x)ba (xx 


= bi (x)bo(y)xy + x 
= x[bi (x) bo(y)y + 1) 


If we let xy 4 0, then 


i [on + 7 


= a _ aa 
bi(y) 


If we let x * y := x when y = O, then (R, *) is an edge d-algebra. 


Example 17 Define a map b,(«):=e* for all «€R. Then way = afl — ] 


= «(1 — e**-9)) when y # 0. If we define a binary operation “*” on R by 


_ fxd—e’*) ify £0, 
i ae { x otherwise, 


then (R, «) is an edge d-algebra. 
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Proposition 18 If we define a binary operation “x” on R by 


aye {20~ BED Hy 40, 
; x otherwise 


where b,(x) is a real-valued function such that b1(y) £ 0 if y 4 0. Assume that if x # y, 
then either b1 (x * y) = by(x) or by (x * (x * y)) = bi (y). Then 


(~* (x *y)) *y =0 (8) 
forallx,y eR. 


Proof By Theorem 16, (R, *) is an edge d-algebra and hence (8) holds for x * y = 0 or 
y = 0. Assume x * y 4 Oand y 4 0. Then 


by (x) | 


xe (oxy) =s|1- aoe 


It follows that 


Gx (eap)wy [ae Gray] — AEE) 


h by (x) |p i 
bi (« * y) bi(y) 


proving the proposition. 


Conclusions 

We constructed some algebras on the set of real numbers by using elementary functions. 
The notions of (edge) d-algebras were developed from BCK-algebras, and widened the 
range of research areas. It is useful to find linear (quadratic) polynomial real algebras 
by using the real functions. In “Analytic real algebras" section, we obtained some linear 
(quadratic) algebras related to some algebraic axioms, and found suitable binary opera- 
tions for (edge) d-algebras. In "Analytic real algebras with functions" section, we devel- 
oped the idea of analytic methods, and obtained necessary conditions for the real valued 
function so that the real algebra is an edge d-algebra. We may apply the analytic method 
discussed here to several algebraic structures, and it may useful for find suitable condi- 
tions to construct several algebraic structures and many examples. 
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Smarandache fuzzy BC l-algebras 
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‘Department of Mathematics Education, Dongguk University, Seoul 04620, Korea 
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Seoul, 04763, Korea 


Abstract. The notions of a Smarandache fuzzy subalgebra (ideal) of a Smarandache BC J-algebra, a Smarandache 
fuzzy clean(fresh) ideal of a Smarandache BCI-algebra are introduced. Examples are given, and several related 
properties are investigated. 


1. Introduction 


Generally, in any human field, a Smarandache structure on a set A means a weak structure W on A such that 
there exists a proper subset B of A with a strong structure S$ which is embedded in A. In [4], R. Padilla showed 
that Smarandache semigroups are very important for the study of congruences. Y. B. Jun ({1,2]) introduced the 
notion of Smarandache BCI-algebras, Smarandache fresh and clean ideals of Smarandache BCI-algebras, and 
obtained many interesting results about them. 

In this paper, we discuss a Smarandache fuzzy structure on BCIJ-algebras and introduce the notions of a 
Smarandache fuzzy subalgebra (ideal) of a Smarandache BC I-algebra, a Smarandache fuzzy clean (fresh) ideal of 


a Smarandache BCI-algebra are introduced, and we investigate their properties. 


2. Preliminaries 


An algebra (X;*,0) of type (2,0) is called a BCT-algebra if it satisfies the following conditions: 
(I) (Wa, y, 2 € X)(((x * y) * (a * z)) * (z*y) = 0), 
(II) (Vir, y € X)((x * (a * (we y)) & y = 0), 
(III) (Wir € X)((a * x = 0), 
) ( 


(IV) (Vr,y € X)(a*y = 0 and y * x = 0 imply wx = y). 


Ifa BCI-algebra X satisfies the following identity; 
(V) (Ve € X)(0*x x = 0), 


then X is said to be a BC K -algebru. We can define a partial order “<<” on X by x < y if and only if « * y = 0. 


Every BC'l-algebra X has the following properties: 
(a,) (Va € X)(x*0= 2), 
(a,) (Vz,y,z€ X)(x <y implies rez <y*z,z*¥y <z¥2), 
A non-empty subset J of a BCI-algebra X is called an ideal of X if it satisfies the following conditions: 
(i) OE J, 
(ii) (We € X)(Vy € L)(a * y € IT implies x € J). 
"We Gheresponilande Tel: +82 10 9247 6575 (Y. J. Seo). 
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Definition 2.1. ({1]) A Smarandache BCI-algebra is defined to be a BCI-algebra X in which there exists a 
proper subset Q of X such that 

(i) 0€ Q and |Q| 2 2, 

(ii) Q is a BCK-algebra under the same operation of X. 


By a Smurandache positive implicative (resp. commutative and implicutive) BCI-ulgebra, we mean a BCI- 
algebra X which has a proper subset Q of X such that 
(i) 0€ Q and |Q| > 2, 
(ii) Q is a positive implicative (resp. commutative and implicative) BC K-algebra under the same operation 
of X. 


Let (X;*,0) be a Smarandache BCJ-algebra and H be a subset of X such that 0 € H and |H| > 2. Then H 
is called a Smarandache subalgebra of X if (H;*,0) is a Smarandache BCI-algebra. 
A non-empty subset J of X is called a Smarandache ideal of X related to Q if it satisfies: 
(i) OE 7, 
(ii) (Wc € Q)(Vy € I)(a * y € T implies wx € J), 
where Q is a BC'K-algebra contained in X. If J is a Smarandache ideal of X related to every BC K-algebra 


contained in X, we simply say that J is a Smarandache ideal of X. 


In what. follows, let’ X and @ denote a Smarandache BC/-algebra and a BC'K-algebra which is properly 


contained in X, respectively. 
Definition 2.2. ([2]) A non-empty subset I of X is called a Smarandache ideal of X related to Q (or briefly, a 
(-Smarandache ideal) of X if it satisfies: 

(c1) OE I. 

(co) (Vx € Q)(Vy € I)(a *y € I implies x € J). 


If 7 is a Smarandache ideal of X related to every BC K-algebra contained in X, we simply say that J is a 


Smarandache ideal of X. 
Definition 2.3. ({2]) A non-empty subset J of X is called a Smarandache fresh ideal of X related to Q (or briefly, 
a Q-Smurandache fresh ideal of X) if it satisfies the conditions (c,) and 


(c3) (Vr, y,z € Q)(((w *¥y) xz) € I and y*xz EJ imply x*z€ J). 
Theorem 2.4. ({2]) Every Q-Smarandache fresh ideal which is contained in Q is a Q-Smarandache ideal. 
The converse of Theorem 2.4 need not be true in general. 


Theorem 2.5. ({2]) Let J and J be Q-Smarandache ideals of X and I C.J. If I is a Q-Smarandache fresh ideal 
of X, then so is J. 


Definition 2.6. ({2]) A non-empty subset J of X is called a Smarandache clean ideal of X related to Q (or briefly, 
a (Q-Smarandache clean ideal of X) if it satisfies the conditions (c,) and 
(cq) (Vx, y € Q)(z € I)((a * (y * x)) * z € I implies x € J). 
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Theorem 2.7. ({2]) Every Q-Smarandache clean ideal of X is a Q-Smarandache ideal. 
The converse of Theorem 2.7 need not. be true in general. 
Theorem 2.8. ((2]) Every Q-Smarandache clean ideal of X is a Q-Smarandache fresh ideal. 


Theorem 2.9. ((2]) Left J and J be Q-Smarandache ideals of X and I C J. If I is a Q-Smarandache clean ideal 
of X, then so is J. 


A fuzzy set in X is called a fuzzy subalgebra of a BC I-algebra X if u(ac*y) > min{p(x), u(y)} for all x,y € X. 
A fuzzy set ys in X is called a fuzzy ideal of X if 

(71) (0) > u(r) for all x € X, 

(Fy) jo(r) > min{ju(ae * y), u(y) } for all x,y € X. 


Let w be a fuzzy set in a set X. For t € [0,1], the set py := {2 € X|u(z) > t} is called a level subset of ju. 


3. Smarandache fuzzy ideals 

Definition 3.1. Let X be a Smarandache BCI-algebra. A map yo: X — [0,1] is called a Smarundache fuzzy 
subalgebra of X if it satisfies 

(SF) (0) > p(x) for all x € P, 

(SFy) u(x xy) > min{py(:r), u(y)} for all x,y € P, 
where P ¢ X, P is a BC K-algebra with |P| > 2. 
A map p: X > [0,1] is called a Smarandache fuzzy ideal of X if it satisfies (SF) and 

(SF) pole) > min{ pcr * y), (y)} for all x,y € P, 
where P ¢ X, P is a BC K-algebra with |P| > 2. This Smarandache fuzzy subalgebra (ideal) is denoted by yp, 
ie., pp: P — [0,1] is a fuzzy subalgebra(ideal) of X. 


Example 3.2. Let X := {0,1,2,3,4,5} be a Smarandache BCIJ-algebra ([1]) with the following Cayley table: 


*/0 12 3 4 5 
01/0 00 3 8 3 
Lil 0 4 3 3 8 
2/22 0 3 3 3 
Bis 38 2 OD @ 
4/4 3 4 10 0 
Sic 8 Oo 1 1 0 


Define a map pe: X — [0,1] by 

0.5. if.o7e 40,1, 2.3). 

a 

0.7 otherwise 
Clearly ys is a Samrandache fuzzy subalgebra of X. It is verified that jz restricted to a subset {0,1,2,3} which is 
a subalgebra of X is a fuzzy subalgebra of X, i.e.. 4¢0,1,2,3} : {0,1,2,3} — [0, 1] is a fuzzy subalgebra of X. Thus 
au: X — [0,1] is a Smarandache fuzzy subalgebra of X. Note that yw: X — [0,1] is not a fuzzy subalgebra of X, 
since p(5 * 4) = (0) = 0.5 A min{p(5), po(4)} = 0.7. 
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Example 3.3. Let X := {0,1,2,3,4,5} be a Smarandache BC I-algebra ({1]) with the following Cayley table: 


*/0 1 2 3 4 5 
0 0 0 0 4 4 
1 001 4 4 
21;2 2 02 4 4 
3/3 3 3 0 4 4 
4/4 44 4 0 0 

5/5 4 4 5 1 0 


Define a map pw: X + [0,1] by 


ps) 
(7) 0.7 otherwise 


to. if « € {0,1,2} 

Clearly yz is a Samrandache fuzzy ideal of X. It is verified that j: restricted to a subset: {0, 1,2} which is an ideal of 
X is a fuzzy ideal of X, i.e., 4¢0,1,2) + {0, 1,2} — [0,1] is a fuzzy ideal of X. Thus pp : X — [0,1] is a Smarandache 
fuzzy ideal of X. Note that: yz: X — [0.1] is not a fuzzy ideal of X, since (2) = 0.5 A min{ju(2*4) = (4). p(4)} = 
u(4) = 0.7. 


Lemma 3.4. Every Smarandache fuzzy ideal 1p of a Smarandache BC I-algebra X is order reversing. 


Proof. Let P be a BC K-algebra with P ¢ X and |P| > 2. Ifx,y € P with x < y, then xr * y = 0. Hence we have 
pc) > min{ye(r * y), Cy) } = min{y2(0), u(y)} = p(y). O 
Theorem 3.5. Any Smarandache fuzzy ideal up of a Smarandache BCI-algebra X must be a Smarandache 


fuzzy subalgebra of X. 
Proof. Let P be a BC’ K-algebra with P ¢ X and 


X| > 2. Since x *y <n for any x,y € P, it follows from 
Lemma 3.4 that p(x) < p(w *y), so by (SF2) we obtain p(x * y) > p(x) > min{pu(x * y), u(y)} > min{u(x), w(y)}. 


This shows that yz is a Smarandache fuzzy subalgebra of X, proving the theorem. O 


Proposition 3.6. Let jap be a Smarandache fuzzy ideal of a Smarandache BCI-algebra X. If the inequality 
x*y <z holds in P, then p(x) > min{p(x), u(z)} for all x,y,z € P. 


Proof. Let P be a BC K-algebra with P ¢ X and |P| > 2. Ifxx*xy < z in P, then (x * y) *z = 0. Hence we 
have p(x * y) > min{p((x * y) * z), u(z)} = min{p(0), u(z)} = pe(z). It follows that p(v) > min{p(x * y), u(y)} > 
min{p(y). (z)}. O 
Theorem 3.7. Let X be a Smarandache BC I-algebra. A Smarandache fuzzy subalgebra jup of X is a Smaran- 


dache fuzzy ideal of X if and only if for all x,y € P, the inequality x * y < z implies p(x) > min{p(y), u(z)}. 


Proof. Suppose that jsp is a Smarandache fuzzy subalgebra of X satisfying the condition x * y < z implies 
u(«) > min{y(y), u(z)}. Since x * (a *y) < y for all x,y € P, it follows that p(x) > min{u(x * y), u(y)}. Hence 


jp is a Smarandache fuzzy ideal of X. ‘The converse follows from Proposition 3.6. O 


Definition 3.8. Let X be a Smarandache BCI-algebra. A map yo: X — [0,1] is called a Smarunduche fuzzy 
clean ideal of X if it satisfies (SF) and 
(SF3) u(x) > min{y(a * (y *x)) * z), w(z)} for all 2, y,z € P, 
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where P ¢ X and P is a BC K-algebra with |P| > 2. This Smarandache fuzzy clean ideal is denoted by jup, icc., 
pip : P — {0,1] is a Smarandache fuzzy clean ideal of X. 


Example 3.9. Let X := {0,1.2,3,4,5} be a Smarandache BCI-algebra ([2]) with the following Cayley table: 


a fF FR Oo O]K 
uaF FR OO O]w 
aooco oo; & 


ao FP wWN FF OO] ¥ 


GMA AaAn 


Define a map pe: X — [0,1] by 


0.8 otherwise 


0.4 if x € {0,1,2,3} 
u(x) = 


Clearly yz is a Samrandache fuzzy clean ideal of X, but y is not a fuzzy clean ideal of X, since (3) = 0.4 # 
min{po((3 * (0 * 3)) * 5), po(5)} = min{ju(5), u(5)} = (5) = 0.8. 
Theorem 3.10. Let X be a Smarandache BCI-algebra. Any Smarandache fuzzy clean ideal up of X must be a 


Smarandache fuzzy ideal of X. 


Proof. Let X be a BC K-algebra with P ¢ X and |P| > 2. Let wp : P > [0,1] be a Smarndache fuzzy clean 
ideal of X. If we let y := x in (SF3), then p(x) > min{p((x * (x * x)) * z), e(z)} = min{pu((x * 0) * z), u(z)} = 
min{y(x * z), u(z)}, for all x,y,z € P. This shows that p satisfies (SF). Combining (SF), p is a Smarandache 


fuzzy ideal of X, proving the theorem. O 


Corollary 3.11. Every Smarandache fuzzy clean ideal jup of a Smarndache BCI-algebra X must be a Smaran- 
dache fuzzy subalgebra of X. 


Proof. It follows from Theorem 3.5 and Theorem 3.10. O 
The converse of ‘Theorem 3.10 may not be true as shown in the following example. 


Example 3.12. Let X := {0,1,2,3,4,5} be a Smarandache BCI-algebra with the following Cayley table: 


aanala 


Ae oOo oOo 2 oss 


oun 


Let pep be a fuzzy set in P = {0,1,2,3,4} defined by ju(0) = pe(2) = 0.8 and p(1) = (3) = pe(4) = 0.8. It is easy 
to check that yup is a fuzzy ideal of X. Hence yz: X — [0,1] is a Smarandache fuzzy ideal of X. But it is not a 
Smarandache fuzzy clean ideal of X since (1) = 0.8 % min{ju((1 * (3 * 1)) * 2), 4(2)} = min{pi(0), (2)} = 0.8. 
Theorem 3.13. Let X be a Smarandache implicative BCI-algebra. Every Smarandache fuzzy ideal up of X is 
a Smarandache fuzzy clean ideal of X. 
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Proof. Let P be a BC K-algebra with P ¢ X and |P| > 2. Since X is a Smarandache implicative BC]-algebra, 
we have wv = x * (y * x) for all x,y € P. Let pp be a Smarandache fuzzy ideal of X. It follows from (SF) that 
wir) > min{pe(a * z), u(z)} > min{pe( (a * (y * ac) * Zz), u(z)}, for all x,y,z € P. Hence pp is a Smarandache clean 
ideal of X. The proof is complete. O 


In what follows, we give characterizations of fuzzy implicative ideals. 


Theorem 3.14. Let X be a Smarandache BCI-algebra. Suppose that jup is a Smarandache fuzzy ideal of X. 
Then the following equivalent: 
(i) ep is Smarandache fuzzy clean, 

(ii) (a) > p(w * (y * x) for all x,y € P, 

(iii) p(w) = u(r * (y * xv) for all x,y € P. 
Proof. (i) = (ii): Let zp be a Smarandache fuzzy clean ideal of X. It follows from (SJ°3) that (sc) > min{ju((x * 
(y *v)) * 0), w(O)} = min {jeer * (y * x), u(0)} = wer * (y * x), Vic, y € P. Hence the condition (ii) holds. 
(ii) = (iii): Since X is a Smarnadache BCI-algebra, we have wx * (y* wc) < x for all x.y € P. It follows from 
Lemma 3.4 that. pu(ic) < p(w * (y x). By (ii), u(r) > p(x * (y *s)). Thus the condition (iii) holds. 
(iii) = (i): Suppose that the condition (iii) holds. Since yp is a Smarandache fuzzy ideal, by (SF), we have 
p(n * (ye) > min{pe((x * (y *a)) * z), u(z)}. Combining (iii), we obtain pu(a) > min{ye((ax * (y * x) * z), u(z)}. 
Hence js: satisfies the condition (SF3). Obviously, jz satishes (SF). Therefore ju is a fuzzy clean ideal of X. Hence 


the condition (i) holds. The proof is complete. QO 
For any fuzzy sets 4s and v in X, we write y < v if and only if p(x) < v(x) for any x € X. 


Definition 3.15. Let X be a Smarandache BCI-algebra and let wp : P — [0,1] be a Smarandache fuzzy 
BCI-algebra of X. For t < (0), the set py = {x € Plu(c) > t} is called a level subset of up. 


Theorem 3.16. A fuzzy set in P is a Smarandache fuazy clean ideal of X if and only if, for all t € [0,1], pt is 


either empty or a Smarandache clean ideal of X. 


Proof. Suppose that jp is a Smarandache fuzzy clean ideal of X and ys, 4 @ for any t € [0,1]. It is clear 
that 0 € yy, since u(0) > t. Let u((a * (y * x)) * z) > t and p(z) > t. It follows from (SF3) that p(x) > 
min{ji((a * (y * x)) * z), p(z)} > t, namely, x € jy. This shows that ju, is a Smarandache clean ideal of X. 
Conversely, assume that for each t € [0, 1], ju, is either empty or a Smaranadche clean ideal of X. For any x € P, 
let w(x) = t. Then & € py. Since py(¥ 0) is a Smarandache clean ideal of X, therefore 0 € py, and hence p(0) > 
p(x) = t. Thus (0) > pe(x) for all « € P. Now we show that p satisfies (SF). If not, then there exist x’, y’, 2’ € P 
such that u(x’) < min{p((x! * (y’ * 2’) * 2’), u(2')}. Taking to = ${u(2’) + min{ f(a! * (y! * z')) « 2'), u(z')}}, we 
have p(x’) < to < min{pe((a’ * (y’ * 2')) * 2’), u(2’)}. Hence a! ¢ pr, (x! * (y’ *x’)) *z © py,, and z’ € py, ie, 
Ht) is not a Smaraqndache clean of X, which is a contradiction. Therefore, jap is a Smarnadche fuzzy clean ideal, 


completing the proof. a 


Theorem 3.17. (([2]) (Extension Property) Let X be a Smarandache BCI-algebra. Let I and J be Q- 
Smarandache ideals of X and IC J CQ. If I is a Q-Smarandache clean ideal of X, then so is .J. 


Next we give the extension theorem of Smarandache fuzzy clean ideals. 
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Theorem 3.18. Let X be a Smarandache BCT-algebra. Let jp and v be Smarandache fuzzy ideals of X such 
that yo <v and (0) = v(0). If pis a Smarndache fuzzy clean ideal of X, then so is v. 

Proof. It suffices to show that for any t € [0,1], 4 is either empty or a Smarandache clean ideal of X. If the level 
subset 4 is non-empty, then pu, 4 @ and yy C 4. In fact, if x € py, then ¢ < p(x); hence t < v(x), ie, x EY. So 
ju, C %. By the hypothesis, since jz is a Smarandache fuzzy clean ideal of X, py, is a Smarandache clean of X by 
Theorem 3.16. It follows from Theorem 3.17 that 1 is a Smarandache clean ideal of XY. Hence v is a Smarandache 


fuzzy clean of X. The proof is complete. O 


Definition 3.19. Let X be a Smarandache BCIJ-algebra. A map pu: X — [0,1] is called a Smarandache fuzzy 
fresh ideal of X if it satisfies (SF)) and 

(SF4) pela * z) > min{ p(x * y) * z), u(y * z)} for all x,y,z € P, 
where P is a BC K-algebra with P ¢ X and |P| > 2. This Smarandache fuzzy ideal is denoted by pup, ie., 


pip : P — |0,1] is a Smarandache fuzzy fresh ideal of X. 


Example 3.20. Let X := {0,1,2,3,4,5} be a Smarandache BCJ-algebra ([2]) with the following Cayley table: 


Aaanaalan 


oF WNW Fr OC] ¥ 
oowor Oo; ® 


Co 


Define a map pp: X > [0,1] by 


0.9 otherwise 


‘oe if x € {0, 1,3}, 
Clearly yz is a Samrandache fuzzy fresh ideal of X. But it is not a fuzzy fresh ideal of X. since (2 * 4) = (0) = 
0.5 % min{p((2 * 5) * 4), u(5 * 4)} = (5) = 0.9. 


Theorem 3.21. Any Smarandache fuzzy fresh ideal of a Smarandache BC I-algebra X must be a Smarandache 
fuzzy ideal of X. 


Proof. Taking z := 0 in (SF,) and «*0 = a, we have p(x * 0) > min{p((x * y) * 0), u(y * 0)}. Hence p(x) > 
min{p(x * y), u(y)}. Thus (SF) holds. Oo 


The converse of Theorem 3.21 may not be true as show in the following example. 


Example 3.22. Let X := {0,1,2,3.4,5} be a Smarandache BCTJ-algebra ([2]) with the following Cayley table: 


a PWN Ff OC] *¥ 
a Bw 

a kr FP Oo Of]F 
aPpbporoeo 

So o ov ct ot ocr 
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Define a map ps: X — [0,1] by 


0.4 otherwise 


ree fe if x € {0,4}, 


Clearly u(x) is a Samrandache fuzzy ideal of X. But p(x) is not a Samrandache fuzzy fresh ideal of X, since 
p(2* 3) = w(1) = 0.4 X min{p((2 * 1) * 3), w(1 * 3)} = min{y(1 * 3), u(0)} = (0) = 0.5. 

Proposition 3.23. Let X be a Smarandache BC I-algebra. A Smarandache fuzzy ideal jp of X is a Smarandache 
fuzzy fresh ideal of X if and only if it satisfies the condition u(x * y) > u((a * y) *y) for all x,y € P. 

Proof. Assume that jp is a Smarandache fuzzy fresh ideal of X. Putting z := y in (SF), we have p(x * y) > 


min{p((c*y) * y), u(y *y)} = min{u((a * y) * y), w(0)} = w((x xy) *y), Va,y € P. 


Conversely, let jzp be Smarandache fuzzy ideph of X such that p(a*y) > ul (x wy) *: y). Since, for all x,y,z € P, 
((a * z) #z)*(y*z) < (ce z) ey = (a * y) * z, we have pu((x * y) * z) < p(((x * z) * z) * (y * z)). Hence 
p(x * z) > p((w * z) * z) > min{ye(((w * z) * z) * (y * z)), u(y * z)} > min{p((x * y) * z), u(y * z)}. This completes 
the proof. O 


Since (rey) *y <a *y, it follows from Lemma 3.4 that pu(sn * y) < u((a * y) * y). Thus we have the following 


theorem. 


Theorem 3.24. Let X be a Smarandache BCI-algebra. A Smarandache fuzzy ideal jup of X is a Smarandache 
fuzzy fresh if and only if it satisfies the identity 


p(n y) = u((n*y) *y), lextfor all x,y € X. 


We give an equivalent condition for which a Smarandache fuzzy subalgebra of a Smarandache BC J-algebra to 


be a Smarandache fuzzy clean ideal of X. 


Theorem 3.25. A Smarandache fuzzy subalghebra up of X is a Smarandache fuzzy clean ideal of X if and only 
if it satisfies 


(x * (y *x)) *z <u implies u(x) > min{p(z), u(u)} for alle, y,z,u € P. (*) 


Proof. Assume that jcp is a Smarandache fuzzy clean ideal of X. Let x,y,z,u € P be such that (x*(y*r))*z <u. 
Since jz is a Smarandache fuzzy ideal of X, we have p(x *(y*x)) > min{j(z), u(u)} by Theorem 3.7. By Theorem 
3.14-(iii), we obtain p(w) > min{p(z), u(u)}. 

Conversely, suppose that pip satisfies (*). Obviously, up satisfies (SF), since (a * (y *ax)) * ((a*(y*ax))*z) < 2, 
by (*), we obtain p(x) > min{p((x * (y * x)) * z), u(z)}, which shows that yp satisfies (SF3). Hence pp is a 


Smarandache fuzzy clean ideal of X. The proof is complete. O 
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